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Abstract: Supersymmetric D-branes supported on the complex two-dimensional base S of
the local Calabi-Yau threefold OS(−KS) are described by semi-stable coherent sheaves on
S. Under suitable conditions, the BPS indices counting these objects (known as generalized
Donaldson-Thomas invariants) coincide with the Vafa-Witten invariants of S (which encode
the Betti numbers of the moduli space of semi-stable sheaves). For surfaces which admit
a strong collection of exceptional sheaves, we develop a general method for computing these
invariants by exploiting the isomorphism between the derived category of coherent sheaves and
the derived category of representations of a suitable quiver with potential (Q,W ) constructed
from the exceptional collection. We spell out the dictionary between the Chern class γ and
polarization J on S vs. the dimension vector ~N and stability parameters ~ζ on the quiver side.
For all examples that we consider, which include all del Pezzo and Hirzebruch surfaces, we find
that the BPS indices Ω⋆(γ) at the attractor point (or self-stability condition) vanish, except
for dimension vectors corresponding to simple representations and pure D0-branes. This
opens up the possibility to compute the BPS indices in any chamber using either the flow
tree or the Coulomb branch formula. In all cases we find precise agreement with independent
computations of Vafa-Witten invariants based on wall-crossing and blow-up formulae. This
agreement suggests that i) generating functions of DT invariants for a large class of quivers
coming from strong exceptional collections are mock modular functions of higher depth and ii)
non-trivial single-centered black holes and scaling solutions do not exist quantum mechanically
in such local Calabi-Yau geometries.
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1. Introduction
Unlike in situations with higher supersymmetry, precision counting of BPS black hole mi-
crostates in string vacua with N = 2 supersymmetry remains a challenge. In type IIA string
theory compactified on a Calabi-Yau three-fold X , a large class of BPS black holes can be
constructed by wrapping a D4-brane wrapped on a complex codimension-one cycle D ⊂ X
divisor, or equivalently an M5-brane on D × S1 [1]. In this set-up, the generating function
of BPS indices (defined mathematically as generalized Donaldson-Thomas invariants of the
derived category of coherent sheaves) is identified with the elliptic genus of the (0, 4) super-
conformal field theory obtained by reducing the M5-brane along D, and is therefore expected
to be modular [2, 3]. This allows to determine it exactly in some simple cases [4, 5]. In
general however, when the divisor D is reducible, BPS indices have a complicated chamber
structure as a function of Ka¨hler moduli [6, 7], and the elliptic genus is only expected to be
mock modular [8, 9]. While the modular anomaly has been fully characterized [10, 11], an
explicit determination of the BPS indices remains difficult.
For a non-compact Calabi-Yau threefold, such as the canonical bundle X = O(−KS)
over a complex surface S, the situation becomes more tractable: D4-branes wrapped on S
are described by a topological version of N = 4 super Yang-Mills (SYM) theory with gauge
group U(N) [12], and the BPS indices are expected to coincide with the Vafa-Witten (VW)
invariants [13, 14, 15, 16]. When S is a Fano or almost Fano surface, vanishing theorems ensure
that the gauge theory localizes on solutions of Hermitian Yang-Mills equations, and Vafa-
Witten invariants (in their refined version) are given by the Euler number (more generally,
the Poincare´ polynomial) of the moduli space of semi-stable coherent sheaves on S, with the
Chern vector γ = [N ;µ;n] determined by the D4-, D2- and D0-brane charges. This description
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arises by reducing the M5-brane world-volume theory along S1 times the Euclidean time circle,
rather than along the divisor D. The modular properties of the generating function of Vafa-
Witten invariants cγ at fixed (N, µ) then follow from the invariance of N = 4 SYM theory
under S-duality. When b+2 (S) = 1, which happens whenever S is a rigid divisor inside X , the
VW invariants cγ,J start to depend on the polarization J of S, which determines the Ka¨hler
moduli of X , and the modular properties become anomalous due to boundary contributions
from reducible connections [12].
When S is a rational surface, meaning that it can be obtained by successive blow-ups
from the complete projective plane P2 or from F0 = P
1×P1, VW invariants can be computed
in principle for any rank N , by combining known results for special polarization [17, 18] with
the blow-up [19, 20] and wall-crossing formulae [6, 7]. Explicit results have been obtained
for S = P2, any rank in [21], and up to rank 3 for any ruled surface in [22]. Alternative
localization techniques are available for toric surfaces [23, 24, 25]. While the structure of the
blow-up and wall-crossing formulae basically guarantees that the generating functions of VW
invariants of rational surfaces will be mock modular [26], the precise determination of the
modular anomaly has required some efforts [27, 28]. It is now fully characterized for any rank
N and Fano surface S, using the connection with DT invariants [11].
In this work, we develop yet another technique for computing Vafa-Witten invariants of
complex surfaces, which relies on the isomorphism between the (bounded)1 derived category
of coherent sheaves on S with the derived category of representations of a suitable quiver with
potential [29, 30, 31]. The quiver Q can be constructed from any full, strongly exceptional
collection of sheaves on S. Such collections are known explicitly for all del Pezzo and weak del
Pezzo surfaces, and can in principle be constructed for any blow-up thereof. In the physics
literature, the description of D-branes on the local Calabi-Yau O(−KS) in terms of the quiver
Q is well-known since the mid-90s [32, 33, 34, 35, 36]. The basic idea is that BPS states in
any chamber of Ka¨hler moduli space can be constructed as bound states of a few absolutely
stable states, the dynamics of which is governed by a 0 + 1 dimensional gauge theory with
matter content encoded in the quiver Q [37]. This provides an efficient tool for deriving the
BPS spectrum of four-dimensional gauge theories with N = 2 supersymmetry [38, 39, 40, 41].
Using this isomorphism, the computation of the VW invariant cγ,J is reduced to the
computation of the Euler characteristics Ω( ~N, ~ζ) (or the Poincare´ polynomial for refined
invariants) of the moduli space of stable representations of Q, for a certain dimension vector
~N and stability parameter ~ζ determined from γ, J . If the quiver Q had no closed loops and
therefore no relations, one could then apply the general result of [42] to obtain the indices
in a straightforward fashion. Unfortunately, the quivers relevant for del Pezzo surfaces all
involve closed loops and relations, and therefore the result of loc. cit. applies only for special
dimension vectors supported on a subquiver without loops. Since the superpotential is non-
generic, the general localization result of [43] is also not directly applicable.
Nonetheless, in this paper we shall demonstrate that the quiver description can be turned
into an effective computational tool, by exploiting the following key observation: for any
dimension vector ~N corresponding to a torsion-free sheaf on S, there exists a value ~ζ⋆ of the
1For brevity we drop the adjective ‘bounded’ throughout this paper.
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stability parameters such that Ω( ~N, ~ζ⋆) = 0. The parameter ~ζ⋆ depends on ~N through ~ζ⋆ =
−κ· ~N , where κ is the (antisymmetrized) adjacency matrix of the quiver. This particular choice
of stability condition, known as the ‘self-stability condition’ in the mathematics literature [44,
Def. 11.3], is the analogue of the ‘attractor moduli’ in supergravity [45] (more precisely, the
large volume attractor point [3, 46, 47]); indeed, just as in the supergravity case [48] one
can show that two-particle bound states are always unstable in the vicinity of the point
~ζ = ~ζ⋆ [49, 50]. Accordingly, the index Ω⋆( ~N) := Ω( ~N, ~ζ⋆) is called the ‘attractor index’.
By analyzing the expected dimension of the moduli space of stable quiver representations for
~ζ = ~ζ⋆, we shall prove that the attractor index Ω⋆( ~N) vanishes unless
2 ~N is the dimension
vector of a simple representation (with dimension 1 on one node and zero elsewhere, in which
case Ω⋆( ~N) = 1). The vanishing of attractor indices for generic ~N appears to be a remarkable
property3 of the quivers relevant for del Pezzo surfaces, and possibly of all rational surfaces.
It will transpire from our proof that this property critically depends on the low number of
arrows between nodes as well as on the detailed form of superpotential. Moreover, we shall
find evidence that the same vanishing property holds for the single-centered indices ΩS( ~N),
which are closely related to attractor indices but in general differ (see §2.8 and §6 below).
Given that Ω( ~N, ~ζ) = 0 vanishes for ~ζ = ~ζ⋆, its value in other chambers can in principle
be computed by following its value across all walls of marginal stability. In practice, it is
much easier to apply the flow tree formula proposed in [50] (extending earlier works [48, 51,
3, 52, 53]), which expresses Ω( ~N, ~ζ) in terms as a sum of product of attractor indices Ω⋆( ~Nj)
for all possible decompositions ~N =
∑
j
~Nj. Although this formula is cumbersome to apply
by hand, it is easily implemented on a computer, and is part of the Mathematica package
CoulombHiggs.m originally released along with [54]4. Alternatively, one may use the Coulomb
branch formula (see [55] for a concise review),implemented in the same package, to compute
cγ,J from the single-centered indices. This gives an algorithmic way of computing the VW
invariants cγ,J for any Chern class γ = [N ;µ;n] and any polarization J .
In this work we shall demonstrate on a large set of examples that this algorithm indeed
gives a practical way of computing Vafa-Witten invariants for Fano and weak Fano surfaces,
at least for low rank N and instanton number n. Our examples include the projective plane
P2, Hirzebruch surfaces Fm with m ≤ 2, del Pezzo surfaces dPk with k ≤ 8 as well as
toric almost Fano surfaces. For each of these examples, we consider one (or several) strong
exceptional collection, spell out the dictionary between the Chern vector γ and the dimension
vector ~N , identify the stability condition ~ζc relevant for the canonical polarization J ∝ c1(S)
(and for other polarizations in selected cases), and compute the quiver index Ω( ~N, ~ζc) for
dimension vectors of moderate5 height h( ~N) :=
∑
iNi. In all cases, we find agreement with
results obtained by combining blow-up and wall-crossing formulae. This provides a striking
validation of our method, and opens up several directions for future research (see §6).
2A possible exception is the case where ~N corresponds to the skyscraper sheaf Opt on S, or in physical
parlance to a pure D0-brane. In this case, ~ζ⋆ vanishes identically and one can show that Ω( ~N, ~ζ) does not
depend on ~ζ. The index Ω⋆( ~N) is still well-defined but need not vanish.
3This property goes under the name of ‘genteelness’ in the maths literature [44].
4The latest version is publicly available at http://www.lpthe.jussieu.fr/∼pioline/computing.html
5Results for h ≤ 7 are computable using CoulombHiggs.m on a garden variety laptop in less than a minute;
h = 9 typically takes a few hours.
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The outline of this work is as follows. In Section 2 we review basic facts about Vafa-Witten
invariants of complex surfaces, exceptional collections of coherent sheaves and invariants of
moduli spaces of quiver representations. In Section 3 we consider the simplest rational surface,
namely the complex projective plane P2, and illustrate our procedure for computing Vafa-
Witten invariants from the quiver description. In Section 4, we consider the Hirzebruch
surfaces Fm (with F0 = P
1 × P1 and F1 = dP1, the first del Pezzo surface), and check that
the wall-crossing phenomena on the quiver side take place precisely when sheaves become
unstable, as long as the degree stays within the window where the quiver description is valid.
In Section 5, we consider a variety of strong exceptional collections on the del Pezzo surfaces
dP2 to dP8, focussing on the canonical and blow-up chambers. For the non-toric dP4 to
dP8 cases, we restrict to the special three-block strong exceptional collections constructed
in [56]. In §6, we summarize our method and discuss some open directions. In Appendix
A, we collect known results on Vafa-Witten invariants for rational surfaces, extend them to
higher rank when possible and tabulate the first few terms in the generating functions. This
provides a reference point for comparison with the quiver indices computed throughout the
main body of the paper. In Appendix B, we give general arguments for the vanishing of
attractor indices for three-block collections. Finally, in Appendix C, we consider the case of
toric weak Fano surfaces, also known as pseudo del Pezzo surfaces, where the quiver typically
involves bidirectional arrows.
2. Generalities
In this section, we review some definitions and basic facts about the three main topics which
underlie this work, namely Vafa-Witten invariants of complex surfaces, exceptional collections
of coherent sheaves and invariants of moduli spaces of quiver representations.Most of the ma-
terial in this section is well known, albeit scattered over many different sources. Throughout,
S is a simply connected smooth complex surface with b1(S) = 0, ΛS := H
2(S,Z) is the second
cohomology lattice, a unimodular lattice of signature (b+2 (S), b
−
2 (S)), KS = −c1(S) ∈ ΛS is
the canonical class, and J ∈ ΛS ⊗R is the polarization (or Ka¨hler form).
2.1 Vafa-Witten invariants
Vafa-Witten theory is a topological field theory defined on any 4-manifold S, obtained as one
of the possible topologically twists of N = 4 SYM theory [12]. We restrict to the case where
the gauge group is U(N) with N ≥ 1. When S is a polarized complex surface such that
J · c1(S) > 0, vanishing theorems ensure that the functional integral localizes on solutions
of hermitian Yang-Mills equations [12, 57]6. Solutions are classified by the rank N, the first
Chern class µ = c1(F ) ∈ ΛS := H2(S,Z) and the second Chern class (or instanton number)
n =
∫
S
c2(F ) ∈ Z, where F is the field strength. We denote by γ := [N ;µ;n] = [N, µ, ch2] the
Chern character, where ch2 =
1
2
µ2 − n and Λ = Z ⊕ ΛS ⊕ Q. The solutions span a moduli
spaceMSγ,J , which is invariant under positive rescaling of J but may depend on its direction.
6In general, Vafa-Witten invariants also involve contributions from the monopole branch. In this paper we
restrict to cases where vanishing theorems apply and such contributions are absent. This is the case for Fano
and weak Fano surfaces [12]. See [58, 59, 60, 61, 62] for recent progress in the general case.
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This moduli space has expected complex dimension
dC(MSγ,J) = µ2 − 2Nch2 − (N2 − 1)χ(OS) = 2N2∆(F )− (N2 − 1)χ(OS) (2.1)
where ∆(F ) is the Bogomolov discriminant,
∆(F ) :=
1
N
(
n− N − 1
2N
µ2
)
(2.2)
and χ(OS) = 1 − h0,1(S) + h0,2(S) is the holomorphic Euler characteristic, equal to 1 for
all cases of interest in this paper. By the Donaldson-Uhlenbeck-Yau theorem, the moduli
spaceMSγ,J has a natural compactification given by the moduli space of semi-stable coherent
sheaves E in the sense of Gieseker-Maruyama [63]. Recall that Gieseker-stable sheaves are
those which do not admit any proper subsheaf E ′ ⊂ E with larger slope νJ(E ′) > νJ(E), or
with identical slope but ch2(E
′)/N ′ > ch2(E)/N ; here the slope is defined by
νJ(E
′) =
c1(E
′) · J
N ′
(2.3)
for torsion-free sheaves (i.e. N ′ 6= 0), or ν(E ′) = +∞ for torsion sheaves (N ′ = 0). Semi-
stability is similarly defined by replacing > by ≥. Slope stability is defined by ruling out
subsheaves with identical slope, irrespective of ch2. Note that the moduli space thus defined
a priori depends on J , and is invariant upon tensoring E with any line bundle L; under this
operation, the first Chern class shifts as
µ→ µ+Nc1(L) , ch2 → ch2 −Nc1(E) · c1(L) + 1
2
N c1(L)2 (2.4)
while ∆(E) := ∆(F ) and N stay invariant. The parameter µ (known as the ’t Hooft flux)
can therefore be restricted to ΛS/NΛS ≃ Zb2(S)N . The moduli space is furthermore invariant
under reflexion µ→ −µ, which leaves ∆ invariant.
When the vector γ = [N ;µ;n] is primitive, the moduli space is either empty or a smooth
projective variety of dimension (2.1) with vanishing odd degree cohomology. The Vafa-Witten
invariant cγ,J and its refined version cγ,J(y) are then defined as the Euler number χ(M) and
Poincare´ (Laurent) polynomial P (M, y) :=∑dC(M)p=0 y2p−dC(M)bp(M) ofM =MSγ,J , such that
P (M, 1) = χ(M). More generally, if γ is not primitive, then the Vafa-Witten invariants are
defined by
cγ,J =
∑
m|γ
(−1)dimC(MSγ/m,J )−dimC(Mγ,J )χ(M
S
γ/m,J)
m2
, (2.5)
crefγ,J(y) =
∑
m|γ
(−1)m−1(y − 1/y)
m(ym − y−m) P (M
S
γ/m,J ,−(−y)m) , (2.6)
where the sum runs over all positive integers m such that γ/m ∈ Λ, and the Euler or Betti
numbers are defined using intersection cohomology [64, 22]. In either case, the VW invariants
are locally independent of the polarization of J , since they are quantized, but they could jump
on real-codimension one loci; this turns out to happen only for N > 1 and b+2 (S) = 1 (except
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when b2(S) = 1, since J is then uniquely fixed up to scale), which is the case of interest in
this paper.
With these definitions, one expects that the generating function of refined VW invariants7
hSN,µ,J(τ, w) =
∑
n
cref[N ;µ;n],J(y)
y − y−1 q
n−
N−1
2N
µ2−
Nχ(S)
24 , (2.7)
where q = e2πiτ , y = e2πiw, will transform a a vector-valued holomorphic Jacobi form of weight
1
2
b2(S), index −16K2S(N3 − N) − 2N under τ → aτ+bcτ+d , w → wcτ+d with
(
a b
c d
)
∈ SL(2,Z) [11].
This expectation follows from the invariance of N = 4 SYM theory under S-duality, which
acts on the complexified gauge coupling τ = θ
2π
+ 4πi
g2YM
precisely in that manner. It is vindicated
in the rank 1 case, where the generating function (2.7) is independent of J, µ and given by
[65],
hS1 (τ, w) =
i
θ1(τ, 2w) η(τ)b2(S)−1
, (2.8)
where η and θ1 are the Dedekind eta function η(τ) = q
1/24
∏
n>0(1 − qn) and Jacobi theta
functions θ1(τ, w) = i
∑
r∈Z+ 1
2
(−1)r− 12qr2/2yr, which are both modular. However, this rea-
soning ignores the possibility of non-holomorphic contributions from reducible connections.
As a result, one expects that the generating function (2.7) will transform as a mock Jacobi
form of depth N − 1 [11]. For S = P2, N = 2 it was observed in [66, 12] that the VW
invariants reduce to Hurwitz class numbers, the generating function of which is a well-known
mock modular form of depth one. This analysis was extended to other surfaces and higher N
in [64, 52, 21, 28, 67]. For any N ≥ 2 and weak Fano surface S, an explicit formula for the
modular completion of hS,refN,µ,J was proposed in [11]. It is worth noting that mock modularity
in this context is not tied to wall-crossing, since it occurs already for S = P2, where the
polarization is unique up to scale.
2.2 D-branes and coherent sheaves
In the large volume limit, D-branes on a Calabi-Yau threefold X can be viewed as objects
in the derived category of coherent sheaves D(X) [68, 69, 70, 71]. Recall that objects in this
category are infinite complexes of coherent sheaves · · · → E−1 → E0 → E1 → . . . where the
subscript denotes the cohomological degree. Given a coherent sheaf E on X , one constructs
an infinite family of objects E[k] of the derived category, where Em = 0 for m 6= k and
Ek = E. The Chern character ch(E) =
∑
m(−1)mch(Em) ∈ Heven(X,Q) (or more precisely
the K-theory class in K(X)) determines the D-brane charges, so the objects E[k] with k odd
may be viewed as anti-branes.
The global extension groups Extk(E,E ′) with k ≥ 0 determine the spectrum of open
strings between the D-branes associated to E,E ′ [69, 36]:
• Hom(E,E ′) := Ext0X(E,E ′) counts tachyonic strings stretched between the two D-
branes (unless E = E ′, in which case the tachyon is removed by the GSO projection);
7The sum runs over integers n ≥ N−1
2N
µ2 such that the dimension (2.1) is positive, and converges in the
upper half-plane Imτ > 0.
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• Ext1X(E,E ′) counts light strings which may become massless at certain points in moduli
space;
• ExtkX(E,E ′) with k > 1 corresponds to very massive strings which do not play any role
at low energy
When X = O(−KS) is the canonical bundle over a smooth complex surface S, any object
E in the category D(S) of coherent sheaves on S can be lifted to an object i∗E in D(X),
corresponding to a D4-brane wrapped on S. The Ext groups on D(X) are related to those
on D(S) by
ExtkX(i∗E, i∗E
′) = ExtkS(E,E
′)⊕ Ext3−kS (E,E ′) (2.9)
where the second factor is understood through Serre duality on X . Thus, light open strings
stretched between D-branes E to E ′ originate both from Ext1S(E,E
′) and Ext2S(E,E
′), while
Ext0S(E,E
′) and Ext3S(E,E
′) lead to tachyons.
With the help of vanishing theorems, the dimension of extension groups can often be
computed from the Euler form χ(E,E ′), which is in turn given by the Riemann-Roch formula
χ(E,E ′) :=
∑
k≥0
(−1)k dimExtkS(E,E ′) =
∫
S
ch(E∗) ch(E ′) Td(S) . (2.10)
Here E∗ is the dual sheaf to E, whose Chern character ch(E∗) coincides with ch(E) up to a
sign (−1)k on terms of degree 2k, Td(S) = 1 + 1
2
c1(S) +
1
12
(c1(S)
2 + c2(S)) is the Todd class
of S. The r.h.s can be evaluated in terms of the components ch = [rk, c1, ch2] of the Chern
character, and in particular the degree deg(E) := c1(S) · c1(E),
χ(E,E ′) =rk(E)rk(E ′) + rk(E) ch2(E
′) + rk(E ′) ch2(E)− c1(E) · c1(E ′)
+
1
2
[rk(E) deg(E ′)− rk(E ′) deg(E)]
(2.11)
The first line is symmetric under exchange of E,E ′ and determines the dimension (2.1) of the
moduli space of stable sheaves via
dC(M) = 1− χ(E,E) , (2.12)
while the second line is antisymmetric. We shall denote the antisymmetrized Euler form by
〈E,E ′〉 = χ(E,E ′)− χ(E ′, E) = rk(E) deg(E ′)− rk(E ′) deg(E) (2.13)
which depends only on the rank and degree.
A special class of coherent sheaves are invertible sheaves E = OS(D), where D is a
divisor on S. They correspond to a single D4-brane wrapped on S, carrying an Abelian
electromagnetic flux F = c1(E) but no D0-brane (since c2(E) = 0). For D = 0, O = OS(0) is
the structure sheaf. In this case, the extension groups are just the sheaf cohomology groups
ExtkS(O(D),O(D′)) = Hk(S,O(D′ −D)) , (2.14)
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while the Euler form (2.11) reduces to
χ(O(D),O(D′)) = 1 + 1
2
[D′ −D] · [D′ −D + c1(S)] . (2.15)
As is standard, we denote χ(D) = χ(O(0),O(D)). Other special cases include the skyscraper
sheaf Opt, corresponding to a single D0-brane on S, and torsion sheaves supported on a divisor
D, corresponding to D2-D0-brane bound states.
2.3 Exceptional collections
A standard way of describing the derived category of coherent sheaves on a complex surface
S relies on a choice of strong exceptional collection. Recall that a coherent sheaf E on S (or
more generally an object in the derived category D(S)) is called exceptional if
Ext0S(E,E) ≃ C, ExtkS(E,E) = 0 ∀k > 0 . (2.16)
In particular, χ(E,E) = 1 so the space of deformations has vanishing dimension and the sheaf
is rigid.
An exceptional collection on S is an ordered set of exceptional objects C = (E1, . . . Er)
such that
ExtkS(E
i, Ej) = 0 ∀k ≥ 0, 1 ≤ j < i ≤ r . (2.17)
For del Pezzo surfaces (more generally, for smooth projective surfaces whose anticanonical
class is generated by global sections), one can show that when i < j, ExtkS(E
i, Ej) = 0
unless k ∈ {0, 1} [72, Lemma 2.4]. We shall only be interested in full exceptional collections,
such that the Chern characters ch(Ei) give a basis of the lattice K(S); for a simply connected
surface S, this implies in particular that r = χ(S) = b2(S)+2. A strong exceptional collection
is an exceptional collection such that for all i, j, ExtkS(E
i, Ej) = 0 unless k = 0. The matrix
of Euler products (which we refer to as the Euler matrix)
Sij = χ(Ei, Ej) (2.18)
is then upper triangular with ones on the diagonal and positive integers above it. If the ranks
rk(Ei) are all positive, then it follows that the slopes (defined in (2.3) with J = c1(S)) are
increasing, namely ν(Ei) ≤ ν(Ej) if i ≤ j. In the special case where the first object E1 in
C is the structure sheaf OS, with vanishing slope, then the slopes of the other objects can
be read off from the first row of the matrix S, ν(Ei) = χ(OS, Ei)/rk(Ei) = S1i/rk(Ei). An
exceptional block is an exceptional collection such that Sij = δij. In such case the ranks rk(Ei)
and slopes ν(Ei) are independent of i [56, Proposition 1.6].
In order to construct a quiver for the derived category D(S), one requires a collection
C∨ = (E∨1 , . . . , E∨r ) of objects in D(S) which are dual to (E1, . . . , Er) in the sense that
χ(Ei, E∨j ) = δ
i
j (2.19)
This implies that ch(E∨i ) =
∑
j S
∨
ji ch(E
j) where S∨ is the inverse of S, with entries (note the
transposition)
S∨ij = χ(E
∨
j , E
∨
i ) (2.20)
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The matrix S∨ is then upper triangular with ones along the diagonal, but its off-diagonal
elements are not necessarily positive. For a suitable choice of E∨i (see §2.4 below), the dual
collection is exceptional, but not strongly so. The D-branes associated to i∗(E
∨
i ) provide a
basis of fractional branes on X [73].
Using these collections, the Chern character of any object E in D(S) can be expressed as
a linear combination of the Chern characters of either Ei or E∨i ,
ch(E) =
∑
i
χ(Ei, E) ch(E∨i ) =
∑
i
χ(E,E∨i ) ch(E
i) (2.21)
so that the Euler form may be written in either of the two forms
χ(E,E ′) =
∑
i
χ(E,E∨i )χ(E
i, E ′) =
∑
i
χ(E∨i , E
′)χ(Ei, E) . (2.22)
In particular, for the skyscraper sheaf Opt corresponding to D0-branes, with Chern vector
[0, 0,−1],
ch(Opt) = −
∑
i
rk(Ei) ch(E∨i ) =
∑
i
rk(E∨i ) ch(E
i) (2.23)
Since χ(Opt,Opt) = 0, it follows that∑
i
rk(Ei) rk(E∨i ) = 0 . (2.24)
In particular, if the ranks rk(Ei) of the original strong collection are all positive, then some
of the ranks rk(E∨i ) of the dual collection must be negative, so the E
∨
i ’s necessarily live in
the derived category. Similarly, for the structure sheaf OS corresponding to D4-branes, with
Chern vector [1, 0, 0],
ch(OS) =
∑
i
[
rk(Ei) + ch2(E
i)− 1
2
deg(Ei)
]
ch(E∨i )
=
∑
i
[
rk(E∨i ) + ch2(E
∨
i ) +
1
2
deg(E∨i )
]
ch(Ei) (2.25)
Since χ(Opt,OS) = χ(OS,Opt) = −1, it follows that∑
i
rk(Ei)
[
ch2(E
∨
i ) +
1
2
deg(E∨i )
]
=
∑
i
rk(E∨i )
[
ch2(E
i) +
1
2
deg(Ei)
]
= 1 . (2.26)
Using the fact that χ(Opt,OS⊗KS) = χ(OS⊗KS ,Opt) = −1, we find the stronger conditions∑
i
rk(Ei) ch2(E
∨
i ) =
∑
i
rk(E∨i ) ch2(E
i) = 1 ,∑
i
rk(Ei) deg(E∨i ) =
∑
i
rk(E∨i ) deg(E
i) = 0 . (2.27)
Using these properties, it is straightforward to show that
TrS−1St = χ(S) , (2.28)
a property which plays an important role in [34, 35].
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2.4 Mutations and dual collections
Mutations provide a useful way of constructing a collection C∨ dual to C. Recall that for an
exceptional pair of coherent sheaves (E, F ), the left mutation LFE of F with respect to E is
defined by one of the short exact sequences (see e.g. [56])8
0 → LEF → Hom(E, F )⊗ E → F → 0 (division)
0 → Hom(E, F )⊗E → F → LEF → 0 (recoil) (2.29)
0 → F → LEF → Ext1(E, F )⊗ E → 0 (extension)
The first two possibilities occur when Hom(E, F ) 6= 0, while the last one occurs when
Ext1(E, F ) 6= 0. Similarly, the right mutation REF is defined by
0 → E → Hom(E, F )∗ ⊗ F → RFE → 0 (division)
0 → RFE → E → Hom(E, F )∗ ⊗ F → 0 (recoil) (2.30)
0 → Ext1(E, F )∗ ⊗ F → RFE → E → 0 (extension)
The pairs (LEF,E) and (F,RFE) are then exceptional. Note that LE(F ) and RF (E) really
belong to the derived . Using the fact that chE = chE ′ + chE ′′ for short exact sequences
0→ E ′ → E → E ′′ → 0, one finds that the Chern character of LE(F ) is given by [74]
ch(LE(F ) = ± [χ(E, F ) ch(E)− ch(F )] , ch(RF (E) = ± [χ(E, F ) ch(F )− ch(E)] (2.31)
where the + sign holds for division and recoil, and the − sign for extension.
Given a strong exceptional collection C = (E1, . . . Er), one can show that the collection
C∨ = (E∨1 , . . . , E∨r ) defined by
E∨i = LE1 . . . LEi−1E
i (2.32)
satisfies the duality condition (2.19) and is exceptional [30, 75]. Clearly, this cannot be a
strong exceptional collection, since the entries of S∨ij are not positive.
As explained below (2.9), in order to ensure that the fractional D-branes associated to
the dual collection C∨ do not have tachyons, one should require that
Ext0S(E
∨
i , E
∨
j ) = Ext
3
S(E
∨
i , E
∨
j ) = 0 ∀i 6= j (2.33)
While the vanishing for i < j is automatic, it is not for i > j. The condition (2.33) can be
ensured by restricting to full strong exceptional collections C which form the foundation of
a helix [30, 76, 75]. Unfortunately, this notion turns out to be too constraining as it rules
out all rational surfaces except P2 [77]. A weaker notion is to require that C is a cyclic
full strongly exceptional collection, defined as follows [78]: extend C = (E1, . . . , Er) to a
bi-infinite sequence Ei, i ∈ Z by requiring Ei+r = Ei ⊗ O(−KS). Then C is a cyclic (full,
strong) exceptional collection if any subsequence Ei, Ei+1, . . . Ei+r of length r is a (full, strong)
exceptional collection. Similar to the case of strong helixes [75], one can show that when C
is a cyclic full strong exceptional collection, the dual collection C∨ defined by (2.32) is also
exceptional and satisfies the no-tachyon condition (2.33) [79].
8When E,F are objects in the derived category of coherent sheaves, one should instead write distinguished
triangles in the derived category.
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2.5 Toric surfaces
Exceptional collections are readily available for smooth toric surfaces. Recall that those are
described by a fan ∆ inside a two-dimensional lattice, which can be identified as Z2 up to
the action of GL(2,Z). The two-dimensional cones σ1, . . . , σr correspond to affine patches,
glued along effective divisors D1, . . . , Dr associated to the one-dimensional cones (or rays)
ρ1, . . . , ρr. Here the index is understood modulo r = χ(S) = b2(S) + 2. We denote by vi the
primitive vectors generating the ray ρi. The toric divisors Di satisfy the linear relations∑
i
(u, vi)Di = 0 (2.34)
for any lattice vector and form an over-complete basis of H2(S,Z). The intersection product
Di ·Dj vanishes unless i− j ∈ {−1, 0, 1} (modulo r), and satisfies Di ·Di+1 = 1, Di ·Di = ai
where the integers ai are determined by the relations
vi−1 + vi+1 + ai vi = 0 . (2.35)
Clearly, the sequence of integers ai, i = 1 . . . r determine the vectors vi and hence the fan, up
to the action of GL(2,Z), but allowed sequences are restricted by the periodicity condition
vi = vi+r. The Chern class is given by
c(S) =
∏
i
(1 +Di) (2.36)
in particular the first Chern class satisfies
c1(S) =
∑
i
Di , Di · c1(S) = ai + 2 . (2.37)
Under an equivariant blow-up at the point Di ∩ Di+1, the cone σi bounded by (vi, vi+1)
splits into two cones bounded by (vi, v˜) and (v˜, vi+1), such that the divisor D˜ associated to
v˜ has self-intersection −1. The sequence of self-intersection numbers is therefore extended
to a1, . . . , ai−1, ai − 1,−1, ai+1 − 1, ai+2, . . . an. Conversely, given a toric fan σ1, . . . σr with a
divisor Di such that ai = −1, the toric fan of the blown-down surface along Di is obtained by
merging the cones σi, σi+1 into a single cone, and the sequence of self-intersection numbers is
reduced to a1, . . . , ai−2, ai−1− 1, ai+1+1, ai+2, . . . ar. Note that the sum
∑
i ai changes by ±3
under this process.
For a smooth Fano surface, the condition Di · c1(S) > 0 implies ai ≥ −1 for all i. The
vectors vi form a convex reflexive polygon, with a single lattice point in the interior and whose
boundary contains no lattice point besides the vertices. There exist 5 such smooth, toric,
compact Fano surfaces, namely the projective plane P2, the Hirzebruch surfaces F0 = P
1×P1
and F1 = dP1, and the del Pezzo surfaces dP2 and dP3. For a weak Fano surface (which means
that c1(S) is nef, i.e. Di ·c1(S) ≥ 0) the condition ai ≥ −1 is relaxed to ai ≥ −2. There are 11
smooth, toric, compact weak Fano surfaces, sometimes known as pseudo-del Pezzo surfaces.
The toric diagrams are displayed e.g. in [80, Fig. 1], and have lattice points on the edges,
corresponding to the divisors Di such that Di · c1(S) = 0. These toric surfaces are related by
sequences of toric blow-ups as shown in Figure 1.
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PdP6
PdP5a PdP5b PdP5c
PdP4a PdP4b
dP3 PdP3a PdP3b PdP3c
dP2 PdP2
F0 dP1 F2
P2
Figure 1: The 16 toric weak Fano surfaces, including the 5 toric Fano surfaces, and their relations
via blow-downs .
Given a smooth toric surface with a given numbering of the toric divisors D1, . . .Dr, let
us consider the collection of invertible sheaves [81, 78]
O(0),O(D1),O(D1 +D2), . . . ,O(D1 + · · ·+Dr−1) (2.38)
The matrix of Euler numbers χ(Ei, Ej) is then upper triangular, given by
S =

1 2 + a1 4 + a1 + a2 6 + a1 + a2 + a3 8 + a1 + a2 + a3 + a4 . . .
0 1 2 + a2 4 + a2 + a3 6 + a2 + a3 + a4 . . .
0 0 1 2 + a3 4 + a3 + a4 . . .
...
... 0
. . .
. . .
. . .
...
...
. . .
. . . 1 2 + an−1
0 . . . . . . . . . 0 1

(2.39)
More generally, one may take any length-r subset of the cyclic sequence
. . . ,O(−Dr),O(0),O(D1),O(D1+D2), . . . ,O(D1+ · · ·+Dr−1),O(c1(S)),O(c1(S)+D1), . . . ,
(2.40)
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or reverse the labelling of the toric divisors Di. One obtains in this way different strong
exceptional collections, but the quiver defined below does not depend on the choice of length-
r subset.
When S is weak Fano, the collection (2.38) is not strongly exceptional, despite the fact
that all entries above the diagonal in the matrix S are positive. The reason is that9, for
a toric divisor Di with c1(S) · Di = 0, one has χ(Di) = D2i + 2 = 0 hence dimH1(Di) =
dimH0(Di) + dimH
2(Di). However, dimH
0(Di) > 0 since Di is effective and therefore
dimH1(Di) > 0. In [78], for any smooth toric surface the authors construct an alternative
‘toric system’ D˜1, . . . , D˜r with
∑
i D˜i = c1(S) such that
O(0),O(D˜1),O(D˜1 + D˜2), . . . ,O(D˜1 + · · ·+ D˜r−1) (2.41)
forms a cyclic full strong exceptional collection. The toric system is constructed iteratively
via an augmentation process at each step of the blow-up process, and is tabulated in [78,
Table 2] for each of the 11 weak Fano cases (see Appendix C below for more details).
2.6 Quiver quantum mechanics and quiver moduli
As shown in [29, 30, 31], given a cyclic full strong exceptional collection C on S, the derived
category of coherent sheaves D(S) on a complex surface is isomorphic to the derived category
of representations D(Q) of the quiver Q with set of vertices Q0 and of arrows Q1 constructed
as follows:
• each object E∨i , i = 1, . . . , r in the dual collection C∨ corresponds to a vertex vi ∈ Q0;
• for each pair i 6= j with S∨ij < 0, Q1 includes −S∨ij arrows vi → vj;
• for each pair i 6= j with S∨ij > 0, Q1 includes S∨ij arrows vj → vi;
Note that our convention for the orientation of the arrows is opposite to the usual convention
in mathematics, since Ext1(Ej, Ei) contributes positively to the number of arrows vi → vj,
while Ext2(Ej , Ei) contributes negatively. The signed number of arrows from vi to vj (such
that arrows from vj to vi are counted negatively), defines the adjacency matrix
κij = S
∨
ji − S∨ij = 〈E∨i , E∨j 〉 . (2.42)
Now, for a given object E ∈ D(S), one introduces the integer vector ~n = (n1, . . . , nr), whose
components are the coefficients ni = χ(E
i, E) in the expansion (2.21) of γ = ch(E) on the
basis of vectors γi = chE
∨
i . Since χ(E
i, E) = rkEi× ch2(E) + . . . and rkEi > 0, the vector ~n
has negative entries for large instanton number c2(E), and we pick instead
10 ~N = −~n as the
relevant dimension vector, such that γ = −∑iNiγi.
Physically, the quiver Q and dimension vector ~N encodes the matter content of the
supersymmetric quantum mechanics describing the interactions of the exceptional branes
9We are grateful to M. Perling for explaining this to us, and further discussions about weak Fano surfaces.
10It would be useful to have a conceptual understanding of this sign flip, which could help to resolve the
sign issue mentioned in [11], footnote 24.
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associated to E∨i , with each species appearing in Ni copies [32, 37]. Each node corresponds to
a vector multiplet transforming in the adjoint representation in the i-th factor of the gauge
group G =
∏
i U(Ni), and each arrow vi → vj to a chiral multiplet Φαij (with α running
from 1 to |S∨ij|) transforming in the bifundamental representation (Ni, Nj) of U(Ni)×U(Nj).
Edge loops vi → vi correspond to additional chiral multiplets in the adjoint. The entries κij
in the matrix (2.42) are (up to sign) the Dirac-Schwinger-Zwanziger products between the
electromagnetic charges γi = ch(E
∨
i ), which determine the net number of light open strings
between the two exceptional branes. The supersymmetric Lagrangian for this system also
depends on a choice of real vector ~ζ = (ζ1, . . . , ζr) such that
∑
iNiζi = 0, corresponding to
the Fayet-Iliopoulos parameters, and when the quiver admits oriented loops, a superpotential
W (Φ), which is a sum of traces of products of Φαij associated to closed loops. For a given
exceptional collection, a general prescription for computing the superpotential was discussed
in [73, 82]. There are also additional parameters such as gauge and kinetic couplings which
do not play a roˆle in the existence of supersymmetric bound states.
A quiver representation R, corresponding physically to a vacuum configuration to the
chiral fields in the supersymmetric quantum mechanics, is a collection of vector spaces CNi
for each vertex vi ∈ Q0, and maps Φαij for each arrow (vi → vj) ∈ Q1, subject to relations
∂W/∂Φαij = 0. Two notable classes of representations are the simple representations R
∨
i ,
with dimension vector Nj = δij , and the projective representations R
i, with dimension vector
Nj = S
ij . As the notation suggests, these representations are associated to the sheaves E∨i
and Ei respectively. The representations R∨i are rigid, while the representations R
i form a
complete set of projective objects, such that any representation R has a projective resolution
in terms of sums of Ri (see e.g. [36]). The derived category of quiver representation D(Q) is
defined by considering infinite complexes of representations · · · → R−1 → R0 → R1 → . . . .
Given a representation R with dimension vector ~N , the object R[k] has Rm = 0 for m 6= k,
Rk = R and dimension vector (−1)k ~N .
The space of representations admits a natural action of the complexified gauge group
GC =
∏
v GL(Nv,C) by changing basis in each of the vector spaces C
Nv . The moduli space of
quiver representations, given by the quotient of the space of arbitrary quiver representations
by G, is in general singular. In order to obtain smooth projective moduli spaces, at least
when the dimension vector is coprime, one restricts to semi-stable representations, where
semi-stability is defined as follows: let ~ζ = (ζ1, . . . , ζr) be a real vector such that
∑
iNiζi = 0.
A representation R of dimension vector ~N ′ is stable (resp., semi-stable) if it admits no proper
subrepresentation R′ such that ν~ζ(R
′) > ν~ζ(R), where the slope is defined by
ν~ζ(R
′) =
∑
i
N ′iζi . (2.43)
As shown in [83], the GC-orbits of semi-stable representations are in one to one correspondence
with the G-orbits of representations satisfying the conditions
∑
j:S∨ij<0
−S∨ij∑
α=1
(Φαij)
†Φαij −
∑
j:S∨ij>0
S∨ij∑
α=1
(Φαji)
†Φαji = ζi (2.44)
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at each node i, which are known as the D-term conditions in the supersymmetric quantum
mechanics [37].
The moduli space MQ~N,~ζ is then the set of isomorphism classes of semi-stable quiver
representations, modulo the action of the the complexified gauge group GC. If the dimension
vector is coprime and the superpotential is generic, MQ~N,~ζ is a smooth projective variety with
vanishing odd cohomology, and the (refined) index is defined as the Poincare´ polynomial.
More generally, we define the rational index
Ω¯Q( ~N, ~ζ, y) =
∑
m|γ
y − 1/y
m(ym − 1/ym) ΩQ(
~N/m, ~ζ, ym), (2.45)
where ΩQ( ~N, ~ζ, y) is the Poincare´ polynomial defined using intersection homology,
ΩQ( ~N, ~ζ, y) =
dC(M)∑
p=0
(−y)2p−dC(M)bp(M) , M :=MQ~N,~ζ (2.46)
Note that this differs from (2.5), (2.6) by a change of variable y → −y, needed to match
conflicting conventions in the literature on Vafa-Witten invariants and on quivers. When the
dimension vector has negative entries, we define ΩQ( ~N, ~ζ, y) = ΩQ(− ~N, ~ζ, y) (in particular
the sign flip mentioned below (2.42) is harmless). If the entries do not have identical signs,
then ΩQ( ~N, ~ζ, y) is defined to vanish. Furthermore, transposing the maps Φ
α
ij leads to the
equality ΩQ( ~N, ~ζ, y) = ΩQt( ~N,−~ζ, y) where Qt denotes the transposed quiver with vertex set
Q0 and with reversed arrows from Q1. In addition, BPS indices are invariant under Seiberg
dualities, which correspond to specific sequences of mutations on the exceptional collection
[84]. We refer to [85] for details on the action of Seiberg dualities on the dimension and
stability vectors. Henceforth we shall denote the index (2.46) as Ω( ~N, ~ζ, y), omitting the
subscript Q.
2.7 Beilinson quiver and stability conditions
While the Baer-Bondal-Rickard theorem guarantees the isomorphism D(S) ∼ D(Q) between
the derived categories of coherent sheaves and quiver representations, one also expects that
the moduli spaces of semi-stable objects MSγ,J and MQ~N,~ζ will be in bijective correspondence
for a suitable choice of stability parameter ~ζ(J), generalizing the well-known result for S = P2
[86]. A basic requirement on the assignment J 7→ ~ζ is that the expected dimensions of the
moduli spaces MSγ,J and MQ~N,~ζ should match.
On the quiver side, recall that depending on the stability parameters ~ζ, semi-stable repre-
sentations typically have Φαi′j′ = 0 for (i
′, j′) in a subset Q′1 ⊂ Q1 of the set of arrows Q1, such
that each term in the superpotential vanishes separately; the remaining edges in Qˆ1 = Q1\Q′1
then form a spanning tree on the quiver Q. The maps Φαij with (i, j) ∈ Qˆ1 are then subject
to the relations ∂W/∂Φαi′j′ = 0 for each (i
′, j′) ∈ Q′1. The subquiver Qˆ with vertices Q0 and
edges in Qˆ1 has no oriented loops, but instead relations {∂W/∂Φαi′j′ = 0, (i′, j′) ∈ Q′1}.
For the purpose of describing coherent sheaves on S, the appropriate choice of Qˆ is the
Beilinson quiver, defined as the subquiver with vertices Q0, arrows vi → vj for each (i, j)
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such that S∨ij < 0 (coming from Ext
1(E∨j , E
∨
i )), and relations ∂W/∂Φ
α
i′j′ = 0 for each (i
′, j′)
such that S∨i′j′ > 0 (coming from Ext
2(E∨j′, E
∨
i′ )). For that choice of subquiver, the expected
dimension of the moduli space of semi-stable representations is given by
dC(MQ~N,~ζ) =
∑
i 6=j,S∨ij<0
NiNj −
∑
i′ 6=j′,S∨ij>0
Ni′Nj′ −
(∑
i
N2i − 1
)
(2.47)
where the last term comes from modding out by the action of the complexified gauge group∏
iGL(Ni,C) modulo its center. Remarkably, this agrees with the expected dimension (2.1) on
the sheaf side. As we shall see later, the Beilinson quiver Qˆ can be viewed as a generalization
of Beilinson’s monad construction of sheaves on the projective plane P2.
It remains to find the precise map J → ~ζ, and the conditions on the Chern vector γ such
that semi-stable representations are supported on the Beilison quiver Qˆ. For the first issue,
recall that stability parameters can be read off from the central charges of the corresponding
D4-D2-D0 branes on the local Calabi-Yau geometry X = O(−KS), via [87]
ζi = λ Im(Z−γi Zγ) , λ ∈ R+ (2.48)
where λ is an irrelevant scale factor and Im denotes the imaginary part. Here γ is the Chern
character of the sheaf E, while −γi are the Chern characters of the objects E∨i [1] in the dual
exceptional collection, corresponding to the vertices of the quiver. Note that the stability
parameters (2.48) automatically satisfy
∑
iNiζi = 0 where Ni are the coefficients in the
decomposition γ = −∑iNiγi. Moreover, for any vector γ′ = −∑iN ′iγi one has∑
i
N ′iζi = λ Im(Zγ′ Zγ) . (2.49)
The corresponding stability condition, based on the full quantum corrected central charge, is
known as Π-stability [70]. Now, at large volume the central charge Zγ for a D4-D2-D0-brane
bound state simplifies to [88]
Zγ = −
∫
X
e−JΓ , Γ = ch(i⋆(E))
√
Td(X) (2.50)
where E is a coherent sheaf on S, and i∗(E) its push-forward on X . The class Γ ∈ Heven(X),
sometimes known as the Mukai vector, evaluates to
Γ = N [S] + i⋆
[
c1(E) +
N
2
c1(S)
]
+ q0 ωS (2.51)
where ωS is the unit volume form on S, and q0 is the D0-brane charge,
q0 = −
(
c2(E)− N − 1
2N
c1(E)
2
)
+N
χ(S)
24
+
1
2
∫
S
(
c1(E) +
N
2
c1(S)
)2
(2.52)
Inserting (2.51) in (2.50) we get
Zγ = −N
2
∫
S
J2 +
∫
S
J ∧
(
c1(E) +
N
2
c1(S)
)
− q0
= −N
[
1
2
∫
S
J2 − 1
2
∫
S
J c1(S) +
1
8
∫
S
c1(S)
2 +
χ(S)
24
]
+
∫
S
[
J − 1
2
c1(S)
]
c1(E)− ch2(E)
= −N
[
1
2
∫
S
J ′2 +
χ(S)
24
]
+
∫
S
J ′ c1(E)− ch2(E) (2.53)
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where J ′ = J − 1
2
c1(S). Rescaling J
′ := zJ0 by a complex number z = s + it with large
imaginary part t≫ 1, this becomes
Im[Zγ′Zγ] =
1
2
(
(t3 − s2t) J20 −
χ(S)
24
) [
N
∫
S
J0 · c1(E ′)−N ′
∫
S
J0 · c1(E)
]
(2.54)
+ t
[
ch2(E
′)
∫
S
J0 · c1(E)− ch2(E)
∫
S
J0 · c1(E ′)
]
+ s t J20 [N
′ ch2(E)−Nch2(E ′)]
where J20 :=
∫
S
J20 . We may therefore choose the stability parameters
~ζ(J0) such that
11
∑
i
N ′iζi = ρ
[
N
∫
S
J0 · c1(E ′)−N ′
∫
S
J0 · c1(E)
]
+N ′ ch2(E)−Nch2(E ′) (2.55)
for all γ′ = [N ′, c1(E
′), ch2(E
′)], for suitably large ρ ∼ t2/2. Indeed, for this choice the slope
(2.43) of a subrepresentation agrees with the slope of a subsheaf (2.3) at leading order in ρ.
The subleading term in (2.55) is only relevant when the leading term vanishes, and is chosen
such that the stability condition for quiver representations agree with the Gieseker stability
condition for subsheaves. The same is true of (2.54) when t ≫ 1 and s < 0 [88], although
there is no value of s, t for which(2.54) and (2.55) would become identical.
For the particular case of the canonical polarization J0 = c1(S), the leading term in (2.55)
is proportional to the antisymmetrized Euler form 〈E ′, E〉 defined in (2.13). Thus, we get
ζci = ρ κijN
j + ηi (2.56)
where κij is the antisymmetrized Euler matrix (2.42), ~η is a fixed vector such that
∑
iN
′
iηi =
N ′ ch2(E)−Nch2(E ′) and ρ≫ 1. Up to a large negative coefficient, the leading term in (2.56)
is recognized as the attractor stability parameter
ζ⋆i = −κijN j (2.57)
which plays a central roˆle in the attractor flow tree conjecture [50].12 For the value ~ζ = ~ζ⋆, one
may easily show that two-particle bound states with charge (γL, γR) such that γ = γL + γR
and 〈γL, γR〉 6= 0 are never stable. Marginal bound states with 〈γL, γR〉 − 0 may occur, but
they are not expected to contribute to the index. By contrast, two-particle bound states are
typically allowed in the chamber around (2.56); the perturbation ~η ensures that ~ζc does not
sit on a wall of marginal stability. Note that both (2.57) and the leading term in (2.56) vanish
when ~N lies in the kernel of the adjacency matrix κ. This happens for D0-branes and for
torsion sheaves with N = c1(S) · c1(E) = 0, sometimes known as exceptional branes. In that
case, it follows that 〈γL, γR〉 = 〈γL, γ〉 = 0 for all splittings, therefore the index cannot jump
and Ω( ~N, ~ζ) becomes independent of ~ζ .
Finally, it remains to check that the stability parameters (2.56) are consistent with the
truncation to the Beilinson quiver Qˆ, which is required in order that the dimensions of the
11This identification generalizes the prescription in [86, 89, 90] for S = P2, and was derived independently
for any S in [91]. We thank Pierrick Bousseau for drawing our attention to this reference.
12In the mathematics literature, (2.56) is known as the ‘self-stability condition’ [44, Def. 11.3].
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moduli spaces MSγ,J and MQ~N,~ζ agree. In particular, to be consistent with the D-term con-
ditions (2.44), one should have ζi ≥ 0 and ζj ≤ 0 for any source i or sink j in the quiver
Qˆ, respectively. As we shall show on examples, this restricts the possible range of slopes of
the sheaf E to a certain window, which is set by the slopes of the sheaves E∨i , at least when
these slopes are finite. Depending on its width, this window may or may not be reachable by
applying a spectral flow (2.4).
2.8 The flow tree and Coulomb branch formulae
Having identified the relevant dimension vector and stability parameters on the quiver side,
we can now apply the arsenal of techniques for computing the quiver indices Ω¯( ~N, ~ζ, y), and
compare with expected results for the Vafa-Witten invariants crefγ,J(y). When the dimension
vector ~N has support on a subquiver Q without loop, and if ~N is a primitive vector, then
Reineke’s formula [42] can be used to compute Ω¯( ~N, ~ζ, y). When ~N is not primitive, the
same formula can be used to compute the stack invariant, which can be converted into the
rational invariant as explained in [54]. When the support of the dimension vector has loops,
one can try to apply Seiberg dualities as in [85]: if the new dimension vector has support on
a subquiver without loop, the previous method can be applied again; if some of the entries of
the new dimension vector, then the index Ω¯( ~N, ~ζ, y) must vanish.
For general Chern classes, the dimension vector is supported on the full quiver Q, which
necessarily has loops and these methods fail. However, in all cases that we examined, we
shall show that there always exist a chamber, namely around the attractor stability parame-
ters (2.57), where the moduli space is empty, and therefore the attractor index Ω⋆( ~N, y) :=
Ω( ~N, ~ζ⋆, y) vanishes. This statement holds provided the dimension vector ~N is not associated
to a simple representation (in which case Ω⋆( ~N, y) is known to equal 1) nor to a pure D0-brane
(in that case, Ω( ~N, ~ζ, y) is independent of ~ζ and is not required to vanish). The vanishing
of Ω⋆( ~N) depends on the special structure of the adjacency matrix κ and superpotential W ,
and is similar to the ‘genteelness’ property in the terminology introduced in [44].
The existence of this simple chamber opens up the possibility to compute index in the
chamber of interest (2.56) by applying the wall-crossing formula across each of the walls of
marginal stability which separate the two chambers. In fact, there is a more efficient way to
proceed, which is to use the flow tree formula developped in [50], which directly expresses
the index Ω(γ, ζ, y) for any stability condition, in terms of attractor indices Ω⋆(αj, y) for all
possible decompositions γ =
∑
j αj of the dimension vector γ (for simplicity, we identify γ
with the dimension vector ~N). More precisely, the rational index is given by
Ω¯(γ, ζ, y) =
∑
γ=
∑n
j=1 αj
gtr({αj , cj}, y)
|Aut{αj}|
n∏
j=1
Ω¯∗(αj , y). (2.58)
where the sum runs over all distinct unordered splittings of γ into sums of vectors αj with
non-negative entries, |Aut{αj}| is the order of the subgroup of the permutation group Sn
preserving the ordered set {αj}, and gtr({αj , cj}, y) is the ‘tree index’ for n dyons with charges
αj and stability parameters cj =
∑
v nj,vζv, where nj,v are the coefficients of the vector αj on
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the basis γv; note that these parameters add up to zero,
∑n
j=1 cj = 0. The tree index is in
turn defined by
gtr({αj , cj}, y) = (−1)
n−1+
∑
i<j〈αi,αj〉
(y − y−1)n−1
∑
σ∈Sn
Ftr({ασ(i), cσ(i)}) y
∑
i<j〈ασ(i),ασ(j)〉 (2.59)
where σ runs over all permutations of {1, . . . , n} and Ftr({αj, cj}) is the ‘partial tree index’;
the latter is defined as a sum over all planar flow trees with n leaves carrying ordered charges
α1, . . . , αn. It is most conveniently evaluated using the recursive formula [50, (2.59)],
Ftr({αj, cj}) = 1
2
n−1∑
ℓ=1
(
sgn(Sℓ)− sgn(Γnℓ)
)
Ftr({αj, c(ℓ)j }ℓj=1)Ftr({αj, c(ℓ)j }nj=ℓ+1), (2.60)
where
Sℓ =
ℓ∑
j=1
cj , Γkℓ =
k∑
i=1
ℓ∑
j=1
〈αi, αj〉, βkℓ =
k∑
i=1
〈αi, αℓ〉, c(ℓ)i = ci −
βni
Γnℓ
Sℓ. (2.61)
The parameters c
(ℓ)
i correspond to the stability parameters at the point where the attractor
flow crosses the wall for the decay γ → (α1 + · · ·+ αℓ, αℓ+1 + · · ·+ αn), and they satisfy the
condition
∑ℓ
j=1 c
(ℓ)
j =
∑n
j=ℓ+1 c
(ℓ)
j = 0. The recursion is initiated by the value Ftr({α, c}) = 1
for a single dyon of charge α and stability parameter c = 0. Using (2.58) and the vanishing of
Ω⋆(α, y) for non-simple dimension vectors
13, one may compute the index Ω( ~N, ~ζ) in principle
for any dimension vector and any (generic) stability condition.
Alternatively, one may apply the Coulomb branch formula developped in [92, 93, 54] (see
[55] for a concise review), to compute the index in terms of ‘single-centered indices’ ΩS(αi, y).
In a nutshell, the Coulomb branch formula reads
Ω(γ, ζ, y) =
∑
γ=
∑n
j=1mjαj
ĝC({αj , mj, cj}, y)
|Aut{αj , mj}|
n∏
j=1
ΩS(αj , y
mj) (2.62)
where the sum runs over unordered decompositions α =
∑n
j=1mjαj withmj ≥ 1, Aut{αj, mj}
denotes the subgroup of Sn which preserves the pairs (αj, mj), and ĝC({αj, mj, cj}, y) is the
modified Coulomb index, obtained from a sum over collinear configurations by applying the
minimal modification hypothesis [92]. Unlike the attractor index Ω⋆(α, y), the single-centered
index ΩS(α, y) is not known to coincide with the index Ω(γ, ~ζ
S, y) in a putative chamber ~ζS,
indeed it currently does not have an intrinsic mathematical definition. Instead, it is defined
recursively by inverting the Coulomb branch formula (2.62) for any (generic) choice of ~ζ; by
virtue of the compatibility of the Coulomb branch formula with the wall-crossing formula,
the resulting value of ΩS(γ, y) is independent of the choice of ~ζ. Choosing ~ζ = ~ζ⋆ allows to
express Ω⋆(γ, y) as a polynomial in the ΩS(α, y)’s, and vice-versa. Physically, Ω⋆( ~N) includes
13While the attractor index may be non-zero for pure D0-branes, it turns out that it does not contribute
to the flow tree formula (2.58) for dimension vectors ~N associated to torsion-free sheaves (see the discussion
Eq. (4.4) in [47].
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both contributions from single-centered black holes counted by ΩS( ~N), as well as from multi-
centered solutions with ‘scaling behavior’ [94, 50].
By evaluating (2.62) in the attractor chamber, we shall find evidence for the conjecture
that for quivers associated to Fano surfaces, the single-centered indices ΩS(α, y) are zero unless
α is the dimension vector of a simple representation or corresponds to a pure D0-brane, just
like the attractor indices Ω⋆(α, y). If this conjecture is true, one may use indifferently the
flow tree or Coulomb branch formulae for evaluating the index Ω( ~N, ~ζ, y) for arbitrary values
of the stability parameters.
3. Complex projective plane
In this section, we discuss the simplest case in which the general considerations of the previous
section apply, namely the complex projective plane S = P2. Vector bundles and coherent
sheaves on P2 have been discussed extensively in the mathematics literature, starting with
the work of Beilinson, Drezet and Le Potier [95, 86, 96]. In the physics literature, it was
revisited in [97, 33] in the context of D-branes on the orbifold C3/Z3, or equivalently the local
Calabi-Yau OP2(−3).
3.1 From exceptional collection to BPS quiver
The projective complex plane is the simplest example of a toric Fano surface, with toric fan
generated by the 3 vectors,
vi =
(
1 0 −1
0 1 −1
)
(3.1)
The divisors D1 = D2 = D3 = H are identified with the hyperplane class H , and satisfy
H2 = 1. The canonical class is c1(S) = 3H so the degree is c1(S)
2 = 9. The toric collection
(2.38) is then the standard strong exceptional collection
C = (O(0),O(1),O(2)) (3.2)
(considered for example in Example 4.4 in [84]), which is known to be strongly cyclic. The
Chern characters of the sheaves Ei are
γ1 = [1, 0, 0] , γ2 = [1, 1, 1/2] , γ3 = [1, 2, 2] , (3.3)
with increasing slopes 0, 3, 6. Here and henceforth we denote γ = [N, c1, ch2] or, when we
prefer to display the integer-valued second Chern class, γ = [N ; c1; c2]. The Euler matrix and
its inverse evaluate to
S =
1 3 60 1 3
0 0 1
 , S∨ =
1 −3 30 1 −3
0 0 1
 (3.4)
The dual Chern characters
γ1 = [1, 0, 0] , γ2 = [−2, 1, 1
2
] , γ3 = [1,−1, 1
2
] , (3.5)
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with decreasing slopes 0,−3/2,−3, are recognized as the characters of the exceptional collec-
tion
C∨ = (O,Ω(1)[1],O(−1)[2]) (3.6)
where Ω(1) is the twisted cotangent bundle defined by the short exact sequence 0→ Ω(1)→
C3 ⊗O → O(1)→ 0.
Following the procedure outlined in §2.6, the corresponding quiver has adjacency matrix
κ = (S∨)t − S∨ =
 0 3 −3−3 0 3
3 −3 0
 (3.7)
This is recognized as the cyclic 3-node quiver with 3 arrows between each subsequent node,
familiar from the discussion of D-branes on the orbifold C3/Z3 [32],
1
2
3
The superpotential is obtained by evaluating the cubic superpotential of N = 4 SYM theory
on Z3-invariant D-brane configurations [32, 98],
W =
∑
(ijk)∈S3
sgn(ijk) Φi12Φ
j
23Φ
k
31 (3.8)
where sgn(ijk) is the signature of the permutation. For rank (1, 1, 1) and vanishing Fayet-
Iliopoulos terms, the space of supersymmetric vacua reproduces the orbifold C3/Z3 probed
by D0-branes.
Given a coherent sheaf E on S, its Chern character decomposes as γ =
∑
i niγi where
n1 =
3
2
c1 + ch2 +N , n2 =
1
2
c1 + ch2 , n3 = −1
2
c1 + ch2 (3.9)
or conversely
N = n1 − 2n2 + n3 , c1 = n2 − n3 ch2 = 1
2
(n2 + n3) (3.10)
Note that the quiver is symmetric under cyclic permutations of the nodes, and under exchange
of two nodes provided the arrows are reversed. In particular, the exchange of n1 ↔ n3
corresponds to the symmetry
[N, c1, ch2]→ [N,−N − c1, ch2 + c1 + N
2
] , (3.11)
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which is a combination of the reflexion c1 → −c1 and a spectral flow (2.4). In order that the
all entries in the dimension vector be positive for large positive c2, we choose
~N := (N1, N2, N3) = −(n1, n2, n3) . (3.12)
Identifying the D-brane charges (Q4, Q2, Q0) in [33] with [N, c1, ch2], we see that the dimension
vector (n1, n2, n3) from [33, (2.9)] is (N3, N2, N1) in our notations. In either conventions, the
height is h( ~N) = N1 + N2 + N3 = −N − 32c1(c1 + 1) + 3c2 and the dimension vector for a
single D0-brane is ~N = (1, 1, 1).
3.2 Beilinson quiver and stability conditions
For generic dimension vector ~N and stability parameters ~ζ, one of the three set of arrows
typically vanishes, and the cyclic quiver reduces to a linear 3-node quiver with relations (see
[3, §5.2.3] for a proof in the Abelian case, ~N = (1, 1, 1)). Without loss of generality, we focus
on the chamber where the maps Φα31 vanish, corresponding to the Beilinson quiver
1 2 3
with relations
∑
βγ sgn(αβγ)Φ
β
12Φ
γ
23 = 0 for i = 1, 2, 3. As noted in [33], representations of
this reduced quiver reproduce the monad construction of bundles on P2 [95]. The expected
dimension of the quiver moduli space in this chamber is
dC = 3(N1N2 +N2N3 −N3N1)−N21 −N22 −N23 + 1 = c21 − 2Nch2 −N2 + 1 (3.13)
in agreement with the expected dimension (2.1) of the moduli space of stable coherent sheaves.
In order that this chamber be consistent with the D-term conditions (2.44), we need that
the stability parameters ~ζ satisfy ζ1 ≥ 0, ζ3 ≤ 0. According to our general prescription (2.56),
they are given by ~ζc ∝ κ· ~N , up to a small correction necessary to agree with Gieseker stability,
ζ1 = 3ρ(N2 −N3)− 1
2
(N2 +N3) = −3ρ c1 + ch2
ζ2 = 3ρ(N3 −N1) + 1
2
(N1 + 3N3) = 3ρ(2c1 +N)− 2ch2 − N
2
ζ3 = 3ρ(N1 −N2) + 1
2
(N1 − 3N2) = −3ρ(c1 +N)ch2 − N
2
(3.14)
These stability parameters can also be obtained from the central charge (2.53)
Zγ =−
(
z2
2
+
1
8
)
N + z c1 − ch2
=N1
(
1
2
z2 +
1
8
)
−N2
(
z2 + z − 1
4
)
N3
(
1
2
z2 + z +
5
8
) (3.15)
where J ′ = z c1(S)/3, z = s+ it. In the large volume limit t→∞, we get
ζ1 =Im(Z−γ1Z¯γ)/t =
1
2
t2(N2 −N3)− 1
8
(
N3
(
4s2 + 4s− 1)+N2 (−4s2 + 4s+ 1))+ . . . ,
ζ2 =Im(Z−γ2Z¯γ)/t =
1
2
t2(N3 −N1)− 1
8
(
N1
(
4s2 − 4s− 1)−N3 (4s2 + 12s+ 7))+ . . .
ζ3 =Im(Z−γ3Z¯γ)/t =
1
2
t2 (N1 −N2)− 1
8
(
N2
(
4s2 + 12s+ 7
)
+N1
(−4s2 − 4s+ 1))+ . . . ,
(3.16)
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where the dots are terms of order 1/t. The leading terms agree with (3.14) upon setting
ρ = t2/6. There is no choice of s such that subleading terms would agree, however it can be
checked that they lead to usual Gieseker stability conditions for s < 0. Moreover, it can be
checked that the stability condition following from (3.14) is equivalent to the prescription in
[96, 89, 90] despite the fact that subleading terms are different.
The conditions ζ1 ≥ 0, ζ3 ≤ 0 then require that the first Chern class should lie in the
window
−N ≤ c1 ≤ 0 , (3.17)
or equivalently −3 ≤ ν(E) ≤ 0, where ν(E) is the slope (2.3) for J = c1(S). Note that the
window (3.17) is set by the range of slopes of the dual sheaves γi. For N ≥ 1, the condition
(3.17) can always be satisfied by applying the spectral flow (2.4), which in the present case
reduces to
c1 7→ c1 + ǫN , ch2 7→ ch2 + ǫc1 + 1
2
Nc21 , c2 7→ c2 +
1
2
ǫ(N − 1)(2c1 +Nǫ) (3.18)
with ǫ ∈ Z.
3.3 Quiver moduli
Under the condition (3.17), one expects that the moduli space of semi-stable coherent sheaves
will be isomorphic to the moduli space of semi-stable quiver representations,
MS[N ;c1;c2],J ≃MQ~N,~ζ (3.19)
This isomorphism, if true, has several practical consequences.
Firstly, the moduli space must be empty unless N1, N2, N3 have the same sign, a condition
which is stronger than dC ≥ 0 in (3.13). For example, for N = p + q, c1 = 0 and c2 = p ≥ 0,
the expected dimension 1+ p2− q2 is positive when 0 < q ≤ p, however the dimension vector
(p, p,−q) is not positive, so the moduli space must in fact be empty. This implies that for
c1 = 0, the moduli space is empty unless c2 ≥ N . One can easily generalize this argument to
cases with c1 6= 0.
Second, in the case where one of the Ni’s vanish, the superpotential relations become
trivial and the quiver reduces to a generalized Kronecker quiver14 K3(N1, N2) or K3(N2, N3).
The index for the latter can be computed using Reineke’s formula and compared with the
modular prediction. This simplification occurs when either
• c2 = 12c1(c1 − 1) and −N < c1 ≤ −N/2 so that N3 = 0;
• c2 = 12c1(c1 + 1) implies N2 = 0 and n1 = c1 < 0, so the moduli space is empty
• c2 = N + 12c1(c1 + 3) and −N/2 ≤ c1 ≤ 0, so that N1 = 0;
14We denote by Km(N1, N2) the two-node quiver with m arrows 1→ 2 and dimension vector (N1, N2).
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In particular, we get
[N ; c1; c2] ~N Ω( ~N, ~ζ
c)
[1; 0; 1] (0, 1, 1) y2 + 1 + 1/y2
[2;−1; 1] (0, 1, 0) 1
[2; 0; 2] (0, 2, 2) −y5 − y3 − y − . . .
[3;−1; 2] (0, 2, 1) y2 + 1 + 1/y2
[3;−2; 3] (1, 2, 0) y2 + 1 + 1/y2
[3; 0; 3] (0, 3, 3) y10 + y8 + 2y6 + 2y4 + 2y2 + 2 + . . .
[4;−2; 3] (0, 2, 0) 0
[4;−1; 3] (0, 3, 2) y6 + y4 + 3y2 + 3 + . . .
[4;−3; 6] (2, 3, 0) y6 + y4 + 3y2 + 3 + . . .
[4; 0; 4] (0, 4, 4) −y17 − y15 − 3y13 − 4y11 − 6y9 − 6y7 − 7y5 − 7y3 − 7y − . . .
[5;−2; 4] (0, 3, 1) 1
[5;−1; 4] (0, 4, 3) y12 + y10 + 3y8 + 5y6 + 8y4 + 10y2 + 12 + . . .
in perfect agreement with the analysis in Appendix A.2.
Third, in the case where Reineke’s formula is not applicable, we can use the flow tree
formula (2.58) to compute the index in the chamber (3.14) of interest, provided the attractor
indices Ω⋆( ~N) := Ω( ~N, ~ζ⋆) are known. Fortunately, we can show that Ω⋆( ~N) = 0 unless ~N is
equal to (1, 0, 0), (0, 1, 0), (0, 0, 1) or (p, p, p) for some positive integer p, up to an overall sign.
In fact, we can show a more general statement:
Proposition: Consider a cyclic 3-node quiver with adjacency matrix κ12 = a, κ23 = b κ31 = c.
If a, b, c satisfy
1 ≤ a, b, c ≤ 6 , a2 + b2 + c2 + 1
3
abc ≤ 36 (3.20)
then Ω⋆( ~N) = 0 except in the following cases:
• ~N ∈ {(±1, 0, 0), (0,±1, 0), (0, 0,±1)}
• (a, b, c) = (2, 2, 2) and ~N = ±(1, 1, 1)
• (a, b, c) = (3, 3, 3) and ~N = ±(p, p, p) for any p ≥ 1.
Note that up to permutations, the solutions to (3.20) are (1, 1, c) with 1 ≤ c ≤ 5, (1, 2, c)
with 2 ≤ c ≤ 5, (1, 3, c) with 3 ≤ c ≤ 4, (2, 2, c) with 2 ≤ c ≤ 4, (2, 3, 3) and (3, 3, 3).
Proof: If one of the Ni’s vanish then the 3-node quiver reduces to a Kronecker quiver, and
the attractor indices are known to vanish except for basis vectors. Thus we assume that all
of the Ni’s are strictly positive. The attractor stability parameters are
ζ⋆1 = cN3 − aN2 , ζ⋆2 = aN1 − bN3 , ζ⋆3 = bN2 − cN1 (3.21)
Up to permutations, we can assume without loss of generality that ζ⋆1 ≤ 0, ζ⋆3 ≥ 0. In
the ‘canonical chamber’ ~ζc = −~ζ⋆, the D-term conditions require Φα31 = 0, so the expected
dimension of the moduli space is given by
dC = aN1N2 + bN2N3 − cN3N1 −N21 −N22 −N23 + 1 . (3.22)
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In the attractor chamber, the branch depends on the sign of ζ⋆2 . If ζ
⋆
2 ≥ 0, then Φα12 = 0 so
the dimension of the moduli space is
d′
C
= −aN1N2 + bN2N3 + cN3N1 −N21 −N22 −N23 + 1 ≤ dC (3.23)
which is smaller than (3.22) since dC − d′C = −2N1ζ⋆1 ≥ 0. If instead ζ⋆2 ≤ 0, then Φα23 = 0 in
the attractor chamber, so the dimension of the moduli space in that chamber is instead
d′′
C
= aN1N2 − bN2N3 + cN3N1 −N21 −N22 −N23 + 1 ≤ dC (3.24)
which is also smaller than (3.22) since dC − d′′C = 2N3ζ⋆3 > 0. Since d′C − d′′C = 2N2ζ2, the
dimension of the attractor chamber is always the smaller of the three, d∗
C
= min(dC, d
′
C
) ≤ d′′
C
.
Assuming that all inequalies above are strict, one has either d∗
C
= d′
C
≤ d′′
C
− 1 ≤ dC − 2 or
d∗
C
= d′′
C
≤ d′
C
− 1 ≤ dC − 2. Summing up these inequalities, we get in either case
3d∗C ≤ dC + d′C + d′′C − 3 = −
1
2
N tQN , Q :=
 6 −a −c−a 6 −b
−c −b 6
 (3.25)
When the conditions (3.20) are satisfied, the minors of the quadratic form Q are positive,
therefore d∗
C
is negative, and vanishes only for dimension vectors in the kernel of Q. The only
solution of (3.20) for which detQ = 0 is (a, b, c) = (3, 3, 3), in which case Q has a null vector
(1, 1, 1), and dC = d
′
C
= d′′
C
= 1 for any ~N = (p, p, p) with p ≥ 1, so the index Ω⋆(p, p, p)
is unconstrained. For (a, b, c) = (2, 2, 2), Q is non-degenerate but dC = d
′
C
= d′′
C
= 0 as the
inequalities above are not strict, so the index Ω⋆(1, 1, 1) is not constrained either. For all
other cases, one can check that d∗
C
< 0 and so Ω⋆( ~N) = 0. QED.
For the case (a, b, c) = (3, 3, 3) relevant for P2, we conclude that the attractor indices
vanish unless (N1, N2, N3) = (p, p, p) for some integer p. Applying the flow tree formula,
we obtain a prediction for the indices in the canonical chamber. For low values of N and
−N ≤ c1 ≤ 0, we find
[N ; c1; c2] ~N Ω( ~N, ~ζ
c)
[1; 0; 2] (1, 2, 2) y4 + 2y2 + 3 + . . .
[1; 0; 3] (2, 3, 3) y6 + 2y4 + 5y2 + 6 + . . .
[2; 0; 3] (1, 3, 3) −y9 − 2y7 − 4y5 − 6y3 − 6y − . . .
[2;−1; 2] (1, 2, 1) y4 + 2y2 + 3 + . . .
[2;−1; 3] (2, 3, 2) y8 + 2y6 + 6y4 + 9y2 + 12 + . . .
[3;−1; 3] (1, 3, 2) y8 + 2y6 + 5y4 + 8y2 + 10 + . . .
[4;−1; 4] (1, 4, 3) y14 + 2y12 + 5y10 + 10y8 + 18y6 + 28y4 + 38y2 + 42 + . . .
[4;−2; 4] (1, 3, 1) y5 + y3 + y + . . .
[4;−2; 5] (2, 4, 2) −y13 − 2y11 − 6y9 − 10y7 − 17y5 − 21y3 − 24y − . . .
Remarkably, this agrees with the results of the analysis in Section A.2.
Finally, applying the Coulomb branch formula (2.62) in the attractor chamber we find
circumstancial evidence that the single-centered invariants satisfy the following conjecture:
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Conjecture : the single-centered invariants ΩS( ~N) vanish unless
(N1, N2, N3) ∈ {(±1, 0, 0), (0,±1, 0), (0, 0,±1), (p, p, p), p≥ 0} (3.26)
Specifically, using the mathematica package CoulombHiggs we find Ω⋆( ~N) = ΩS( ~N) for
~N ∈ {(2, 2, 1), (1, 2, 1), (3, 3, 1), (1, 3, 3), (2, 3, 1), (1, 3, 2), (1, 3, 1)} , (3.27)
as a result of large number of cancellations when (a, b, c) are set to (3, 3, 3). For ~N = (2, 3, 2),
we find a more complicated combination
Ω⋆(2, 3, 2) = ΩS(2, 3, 2)− (y + 1/y) ΩS(1, 3, 1) + ΩS(1, 2, 1) (3.28)
but in all these cases, the vanishing of Ω⋆( ~N) implies that ΩS( ~N) also vanishes. In contrast,
for a pure D0-brane, we get (upon perturbing around the attractor stability vector ~ζ⋆ = 0)
Ω⋆(1, 1, 1) = −y − y−1 + ΩS(1, 1, 1) (3.29)
so that Ω⋆(1, 1, 1) and ΩS(1, 1, 1) cannot both vanish. The relation (3.29) is independent on
the perturbation used to evaluate the left-hand side, and it appears to extend bound states
of p > 1 D0-branes, taking into account the vanishing of ΩS( ~N) for generic ~N .
4. Hirzebruch surfaces
We now turn to the next simplest toric surfaces, namely the Hirzebruch surfaces S = Fm.
Since b2(S) = 1, the Ka¨hler cone is non-trivial and the Vafa-Witten invariants exhibit wall-
crossing phenomena. We shall check that the wall-crossing phenomena on the quiver side take
place precisely when sheaves become unstable, as long as the degree stays within the window
where the quiver description is valid.
The Hirzebruch surface S = Fm is defined as the projectivization of the rank 2 bundle
O ⊕O(m) over P1. The toric fan is generated by 4 vectors,
vi =
(
1 0 −1 0
0 1 m −1
)
(4.1)
which is convex for |m| ≤ 2. By symmetry we may assume m ≤ 0. The linear relations
D1 = D3, D4 = D2+mD3 from (2.34) are consistent with the identifications D1 = F,D2 = C
where F and C are the basis and fiber of the fibration Fm → P1. Using (2.35) one finds
C2 = −m,F 2 = 0, C · F = 1, so the intersection form Cαβ in the basis (C, F ) and its inverse
Cαβare
Cαβ =
(−m 1
1 0
)
, Cαβ =
(
0 1
1 m
)
(4.2)
The anticanonical class c1(S) = 2C + (m+ 2)F satisfies c1(S)
2 = 8. Since c1(S) ·C = 2−m,
c1(S) · F = 2, the Hirzebruch surface Fm is Fano for m = 0, 1 and weak Fano for m = 2. For
these values of m, Fm has the following alternative descriptions:
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• F0 is simply the product P1 × P1, and the canonical bundle over it is a Z2 orbifold of
the conifold.
• F1 is the blow-up of P2 at one point, so also known as the first del Pezzo surface dP1.
• F2 is also known as Y 2,2 and the canonical bundle over F2 is the orbifold C3/Z4 with
action (1, 1, 2).
It is worth noting that the surfaces Fm and Fm+2 are diffeomorphic (see e.g. [99, A.3]), but
not complex diffeomorphic [100]: shifting C 7→ C +F shifts the intersection number C2 from
−m to −(m+ 2), but the canonical class does not shift accordingly.
The Ka¨hler form Jm1,m2 = m1(C +mF ) +m2F lies in the Ka¨hler cone for 2m2 + (m +
2)m1 > 0. The attractor chamber J ∝ c1(S) corresponds to η = m1/m2 = 2/(2 − m), or
η = +∞ when m = 2. The central charge is given by
Zγ = −N
[
m
2
m21 +m1m2 +
1
6
]
+m1c˜1,F +mm2c˜1,C (4.3)
where (c˜1,C , c˜1,F ) are the coefficients of the first Chern class c1(E) on the basis (C, F ). The
degree is
degE = c1(S) · c1(E) = (2−m)c˜1,C + 2c˜1,F . (4.4)
Exceptional collections of invertible sheaves on Fm are obtained from toric systems via
(2.41). Toric systems leading to cyclic strongly exceptional collections were classified in [78,
Prop. 5.2] (with (P,Q) in loc. cit. identified with (F,C +mF )).
4.1 F0
In view of the isomorphism F0 = P
1×P1, we denote(c1,1, c1,2)=(c˜1,C , c˜1,F ), and by O(p, q) the
line bundle with (c1,1, c1,2) = (p, q).
4.1.1 Phase I
We consider the cyclic strong exceptional collection [101, 91, 102]
C = (O(0, 0),O(1, 0),O(0, 1),O(1, 1)) (4.5)
associated to the toric system D˜i = (C, F − C,C, F + C). The Chern vectors of the objects
Ei and dual objects Ei are
γ1 = [1, (0, 0), 0]
γ2 = [1, (1, 0), 0]
γ3 = [1, (0, 1), 0]
γ4 = [1, (1, 1), 1]
γ1 = [1, (0, 0), 0]
γ2 = [−1, (1, 0), 0]
γ3 = [−1, (0, 1), 0]
γ4 = [1, (−1,−1), 1]
(4.6)
with slopes 0, 2, 2, 4 and 0,−2,−2,−4, respectively. The Euler matrix, its inverse and the
adjacency matrix evaluate to
S =

1 2 2 4
0 1 0 2
0 0 1 2
0 0 0 1
 , S∨ =

1 −2 −2 4
0 1 0 −2
0 0 1 −2
0 0 0 1
 , κ =

0 2 2 −4
−2 0 0 2
−2 0 0 2
4 −2 −2 0
 (4.7)
corresponding to the four-node quiver
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12
3
4
with cubic superpotential [103]
W = Φ112Φ
1
24Φ
4
41 − Φ112Φ224Φ341 − Φ212Φ124Φ241 + Φ212Φ224Φ141
−Φ113Φ134Φ441 + Φ113Φ234Φ241 + Φ213Φ134Φ341 − Φ213Φ234Φ141 (4.8)
A general Chern character γ = [N, c1,1, c1,2, ch2] decomposes as γ =
∑
i niγi with
n1 = c1,1 + c1,2 + ch2 +N
n2 = c1,1 + ch2
n3 = c1,2 + ch2
n4 = ch2 (4.9)
or conversely
N = n1 − n2 − n3 + n4 , ch2 = n4 , c1,1 = n2 − n4 , c1,2 = n3 − n4 (4.10)
Note that the exchange of c1,1 and c1,2 amounts to exchanging of n2 and n3, which is a
symmetry of the quiver. For large positive c2, the entries in ~n are all negative, so we consider
the opposite dimension vector ~N = −~n.
In the canonical chamber J ∝ c1(S), the stability parameters ~ζ = ~ζc in (2.56) are
ζ1 = ρ(2N2 + 2N3 − 4N4)−N4 = −ρ deg +ch2
ζ2,3 = ρ(2N4 − 2N1) +N4 = ρ(deg +2N)− ch2
ζ4 = ρ(4N1 − 2N2 − 2N3) +N1 −N2 −N3 = −ρ(deg +4N) + ch2 −N (4.11)
Note that the leading term vanishes for ~N in the span of (1, 0, 1, 0) and (0, 1, 0, 1), correspond-
ing to D0-branes and D2-branes wrapped on the exceptional curve F − C.
For the Beilinson subquiver with Φα41 = 0, the dimension of the moduli space of quiver
representations
dC = 2N1N2 + 2N1N3 + 2N2N4 + 2N3N4 − 4N1N4 −N21 −N22 −N23 −N24 + 1 (4.12)
matches the expected dimension (2.1) of the moduli space of sheaves. This is consistent with
the D-term conditions (2.44) provided ζ1 ≥ 0, ζ4 ≤ 0 hence
−2N ≤ c1,1 + c1,2 ≤ 0 (4.13)
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or equivalently −4 ≤ ν(E) ≤ 0, where ν(E) is the slope (2.3) with J = c1(S). This window
is set by the range of slopes of the objects in the dual collection C∨.
In the attractor chamber given by the opposite of (4.11), one has instead ζ⋆1 ≤ 0, ζ⋆4 ≥ 0.
If N1 ≥ N4, then ζ⋆2,3 ≥ 0 and it is consistent to set Φα12 = Φα13 = 0, so that the expected
dimension is d′
C
= dC + 4N1ζ
⋆
1 ≤ dC. If N1 ≤ N4, then ζ⋆2,3 ≤ 0 and it is consistent to
set Φα24 = Φ
α
34 = 0, so that the expected dimension is d
′′
C
= dC − 4N4ζ⋆4 ≤ dC. Since
d′′
C
− d′
C
= 4(N1 − N4)(N2 +N3), one finds that in either case, d∗C = min(d′C, d′′C) ≤ dC hence
3d∗
C
≤ dC + d′C + d′′C. Assuming that none of N1, N2 + N3, N4 and ζ⋆1,2,3 vanish, so that each
of the inequalities above are strict, we conclude that 3d∗
C
is smaller or equal to
dC + d
′
C + d
′′
C − 3 =−
3
2
[
(N1 −N2)2 + (N1 −N3)2 + (N2 −N4)2 + (N3 −N4)2
]
−N1(N2 +N3 − 2N4)−N4(N2 +N3 − 2N1)
(4.14)
where each of the terms is negative, so d∗
C
≤ 0. Thus, Ω⋆( ~N) = 0 unless ~N corresponds to a
simple representation or to a D0-brane, ~N ∝ (1, 1, 1, 1).
Applying the flow tree formula (2.58) in the canonical chamber, we get
[N ; c1,1, c1,2; c2] ~N Ω( ~N, ~ζ
c)
[1; 0, 0; 1] (0, 1, 1, 1) y2 + 2 + 1/y2
[1; 0, 0; 2] (1, 2, 2, 2) y4 + 3y2 + 6 + 3/y2 + 1/y4
[2; 0, 0; 1] (−1, 1, 1, 1) 0
[2;−1, 0; 1] (0, 2, 1, 1) −y − 1/y
[2;−1,−1; 1] (0, 1, 1, 0) 0
[2; 0, 0; 2] (0, 2, 2, 2) −y5 − 2y3 − 3y − . . .
[2;−1, 0; 2] (1, 3, 2, 2) −y5 − 3y3 − 7y − . . .
[2;−1,−1; 2] (1, 2, 2, 1) −y3 − y − 1/y − 1/y3
in agreement with the analysis in §A, see in particular (A.8) and (A.21). Applying the
Coulomb branch formula (2.62) in the attractor chamber, we find circumstancial evidence
that the single centered indices ΩS( ~N) vanish, just like the attractor indices Ω⋆( ~N).
For general Ka¨hler parameters zi = imi with mi ≫ 1, the stability parameters are instead
given by15
ζ1 = m1(N3 −N4) +m2(N2 −N4)−N4,
ζ2 = m1(N4 −N3) +m2(N3 −N1) +N4,
ζ3 = m1(N2 −N1) +m2(N4 −N2) +N4,
ζ4 = m1(N1 −N2) +m2(N1 −N3) +N1 −N2 −N3 (4.15)
This satisfies
∑
iNiζi = 0 and∑
i
N ′iζi = N (m1c
′
1,2 +m2c
′
1,1)−N ′ (m1c1,2 +m2c1,1) +N ′ch2 −Nch′2 (4.16)
15See also [101] and [91, §5] for an independent mathematical derivation of the stability parameters in this
model.
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in agreement with (2.55). Note that under exchange of (n2, n3) and (m1, m2), (ζ2, ζ3) swaps
as well. The chamber Φ41 = 0 is consistent with the D-term conditions (2.44) provided
−(m1 +m2)N ≤ m1 c1,2 +m2 c1,1 ≤ 0 (4.17)
For N = 2, by examining the contributions to the flow tree formula we find the following
wall-crossing phenomena:
• for (c1,1, c1,2) = (0, 0), 1 ≤ c2 ≤ 3 there is no wall-crossing at η > 0;
• for (c1,1, c1,2) = (−1, 0), c2 = 1 we find that Ω(0, 2, 1, 1) jumps at η = m1/m2 = 1/2,
due to a bound state of γL = (0, 0, 1, 0) = [1; 0,−1; 0] and γR = (0, 2, 0, 1) = [1;−1, 1; 0]
with 〈γL, γR〉 = 2.
• for (c1,1, c1,2) = (−1, 0), c2 = 2, the index Ω(1, 3, 2, 2) jumps at
– η = 3/2, due to bound states of γL = (0, 0, 2, 1) = [1; 1,−1; 0] and γR = (1, 3, 0, 1) =
[1;−2, 1; 0] with 〈γL, γR〉 = −2;
– η = 1/2, due to bound states of γL = (0, 2, 0, 1) = [1;−1, 1; 0] and γR = (1, 1, 2, 1) =
[1; 0,−1; 1] with 〈γL, γR〉 = −2; and of 2γL = 2(0, 0, 1, 0) = 2[1; 0,−1; 0] and
γR = (1, 3, 0, 2) = [0;−1, 2; 0] with 〈γL, γR〉 = 2;
– η = 1/4, due to bound states of γL = (0, 3, 0, 2) = [1;−1, 2; 0] and γR = (1, 0, 2, 0) =
[1; 0,−2; 0] with 〈γL, γR〉 = −6.
• For (c1,1, c1,2) = (−1,−1), c2 = 2 the index Ω(1, 2, 2, 1) jumps at
– η = 3, due to bound states of γL = (0, 0, 2, 1) = [1; 1,−1; 0] and γR = (1, 2, 0, 0) =
[1;−2, 0; 0] with 〈γL, γR〉 = −2;
– η = 1/3, due to bound states of γL = (0, 2, 0, 1) = [1;−1, 1; 0] and γR = (1, 0, 2, 0) =
[1; 0,−2; 0].
These results are consistent with the analysis in §A.1.1, upon identifying (α, β) = (−c1,2, c1,1).
It is interesting to consider the boundary chamber η → 0+, where the generating functions
of VW invariants are given by (A.11)–(A.13), and controlled by the Hall algebra of P1 [18].
In this chamber, the quiver description is valid for −N ≤ c1,1 ≤ 0. From the flow tree formula
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we get
[N ; c1,1, c1,2; c2] ~N Ω( ~N, η → 0+)
[2; 0,−1; 1] (0, 1, 2, 1) −y − 1/y
[2;−1, 0; 1] (0, 1, 2, 1) 0
[2;−1,−1; 1] (0, 1, 2, 1) 0
[2; 0, 0; 2] (0, 2, 2, 2) −y5 − 2y3 − 3y − . . .
[3; 0,−1; 2] (0, 2, 3, 2) y4 + 2y2 + 4 + . . .
[3;−1, 0; 2] (0, 3, 2, 2) 0
[3;−1,−1; 2] (0, 2, 2, 1) 0
[3; 0, 0; 3] (0, 3, 3, 3) y10 + 2y8 + 5y6 + 8y4 + 9y2 + 10 + . . .
[4; 0,−1; 3] (0, 3, 4, 3) −y9 − 2y7 − 6y5 − 11y3 − 15y + . . .
[4;−1, 0−; 3] (0, 4, 3, 3) 0
[4;−1,−1; 3] (0, 3, 3, 2) 0
[4; 0,−2; 2] (0, 2, 4, 2) 0
in precise agreement with the q-expansions in (A.15)–(A.19). In particular, the index vanishes
whenever µ · F = c1,1 6= 0 mod N .
4.1.2 Phase II
We now consider the strong exceptional collection
C = (O(0),O(1, 0),O(1, 1) ,O(2, 1)) (4.18)
associated via (2.38) to the toric system Di = (C, F, C, F ). The Chern vectors of the objects
Ei and dual objects Ei are
γ1 = [1, (0, 0), 0]
γ2 = [1, (1, 0), 0]
γ3 = [1, (1, 1), 1]
γ4 = [1, (2, 1), 2]
γ1 = [1, (0, 0), 0]
γ2 = [−1, (1, 0), 0]
γ3 = [−1, (−1, 1), 1]
γ4 = [1, (0,−1), 0]
(4.19)
with slope 0, 2, 4, 6 and 0,−2, 0,−2, respectively. The Euler matrix, its inverse and the
adjacency matrix evaluate to
S =

1 2 4 6
0 1 2 4
0 0 1 2
0 0 0 1
 , S∨ =

1 −2 0 2
0 1 −2 0
0 0 1 −2
0 0 0 1
 , κ =

0 2 0 −2
−2 0 2 0
0 −2 0 2
2 0 −2 0
 (4.20)
corresponding to the cyclic quiver
1 2
34
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with quartic superpotential [103],[104, (2.2)]
W =
∑
(ij)∈S2
∑
(kl)∈S2
sgn(i, j) sgn(k, ℓ) Φi12Φ
k
23 Φ
j
34 Φ
ℓ
41 . (4.21)
A general Chern character γ = [N, c1,1, c1,2, ch2] decomposes as γ =
∑
i niγi with
n1 = c1,1 + c1,2 + ch2 +N
n2 = c1,1 + ch2
n3 = ch2
n4 = −c1,2 + ch2 (4.22)
or conversely
N = n1 − n2 − n3 + n4 , ch2 = n3
c1,1 = n2 − n3 , c1,2 = n3 − n4 (4.23)
Note that the symmetry exchanging c1,1 and c1,2 is no longer manifest. In order to have a
positive dimension vector for large positive c2, we set ~N = −~n.
In the canonical chamber J ∝ c1(S), the stability parameters ~ζ = ~ζc in (2.56) are then
ζ1 =ρ (N2 −N4)−N3 = −ρ deg+ch2
ζ2 =− ζ4 = ρ(N3 −N1) +N3 = ρ(2N + deg)− ch2
ζ3 =ρ(N4 −N2)−N2 +N1 +N4 = ρ deg−ch2 −N
(4.24)
Note that the leading term vanishes for ~N in the span of (1, 0, 1, 0) and (0, 1, 0, 1), which again
corresponds to D0-branes and D2-branes wrapped on F − C.
For the Beilinson subquiver with Φ41 = 0, the dimension of the moduli space of quiver
representations
dC = 2N1N2 + 2N2N3 + 2N3N4 − 2N1N4 −N21 −N22 −N23 −N24 + 1 (4.25)
matches the expected dimension (2.1) of the moduli space of sheaves. In this chamber, the
D-term conditions (2.44) require ζ1 ≥ 0, ζ4 ≤ 0 hence
−N ≤ c1,1 + c1,2 ≤ 0 (4.26)
or equivalently −2 ≤ ν(E) ≤ 0. This window is again set by the range of slopes of the objects
in the dual collection C∨.
In the attractor chamber, given by the opposite of (4.24), one has ζ⋆1,2 ≤ 0, ζ⋆3,4 ≥ 0,
therefore Φ23 must vanish. The dimension is now d
∗
C
= dC+4(N1N4−N2N3) which is strictly
smaller than dC since N1 ≤ N3, N4 ≤ N2. The sum
dC + d
∗
C
= 2− 2 [(N1 −N2)2 + (N3 −N4)2] (4.27)
is manifestly negative, unless N1 = N2 and N3 = N4. These equalities however imply ζ
⋆
1 = ζ
⋆
4 ,
which is consistent with (4.26) only when all Ni’s are equal, corresponding to a pure D0-brane.
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it follows that the attractor index vanishes unless ~N corresponds to a simple representation
or to a pure D0-brane.
In the canonical chamber, the flow tree formula (2.58) leads to
[N ; c1,1, c1,2; c2] ~N Ω( ~N, ~ζ
c)
[1; 0, 0; 1] 0, 1, 1, 1) y2 + 2 + 1/y2
[1; 0, 0; 2] (2, 1, 1, 1) y4 + 3y2 + 6 + 3/y2 + 1/y4
[2; 0, 0; 1] (−1, 1, 1, 1) 0
[2;−1, 0; 1] (0, 2, 1, 1) −y − 1/y
[2; 0,−1; 1] 0, 1, 1, 0) −y − 1/y
[2;−1,−1; 1] (0, 1, 0,−1) 0
[2; 0, 0; 2] (0, 2, 2, 2) −y5 − 2y3 − 3y − . . .
[2;−1, 0; 2] (1, 3, 2, 2) −y5 − 3y3 − 7y − . . .
[2; 0,−1; 2] (1, 2, 2, 1) −y5 − 3y3 − 7y − . . .
[2;−1,−1; 2] (1, 2, 1, 0) −y3 − y − 1/y − 1/y3
in agreement with (A.8), (A.21). Applying the Coulomb branch formula (2.62) in the attractor
chamber, we find that the single centered indices ΩS( ~N) vanish, just like the attractor indices
Ω⋆( ~N).
More generally, for polarisation J ′ = im1(C + F ) + im2F with m1, m2 ≫ 1, the stability
parameters are given by
ζ1 = −m1 c1,2 −m2 c1,1 + ch2
ζ2 = m1 c1,2 +m2 (N + c1,1)− ch2
ζ3 = m1 (N + c1,2) +m2 (N + c1,1)− ch2 −N
ζ4 = −m1 (N + c1,2)−m2 c1,1 + ch2 (4.28)
so the quiver description is valid when ηc1,2 + c1,1 < 0, η(N + c1,2) + c1,1 > 0. For Chern
classes [2;−1, 0; 1], [2; 0,−1; 1], [2,−1,−1; 2], we find walls at η = 1/2, η = 2, η = 3 (but the
wall at η = 1/3 is not accessible) while [2; 0, 0, 2] has no walls at η > 0, in agreement with
the analysis in §A.1.1. The chamber Jǫ,1 corresponds to η → 0+, and the quiver description
is valid provided c1,1 = 0. In this chamber, we get
[N ; c1,1, c1,2; c2] ( ~N) Ω( ~N, η → 0+)
[2; 0,−1; 1] (0, 1, 1, 0) −y − 1/y
[2; 0,−1; 2] (1, 2, 2, 1) −y5 − 3y3 − 7y − . . .
[2; 0, 0; 2] (0, 2, 2, 2) −y5 − 2y3 − 3y − . . .
[3; 0,−1; 2] (0, 2, 2, 1) y4 + 2y2 + 4 + . . .
[3; 0, 0; 3] (0, 3, 3, 3) y10 + 2y8 + 5y6 + 8y4 + 9y2 + 10 + . . .
[4; 0,−1; 3] (0, 3, 3, 2) −y9 − 2y7 − 6y5 − 11y3 − 15y + . . .
[4; 0,−2; 3] (1, 3, 3, 1) −y9 − 3y7 − 7y5 − 11y3 − 16y + . . .
[4; 0,−3; 3] (0, 3, 3, 2) −y9 − 2y7 − 6y5 − 11y3 − 15y + . . .
in precise agreement with (A.15)–(A.19).
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4.2 F1
Since F1 is a blow-up of P
2 at one point, we abuse notation and denote by H = C + F the
pull-back of the hyperplane class of P2, while C is identified as the exceptional divisor. In
the basis (H,C), the intersection form is then
Cαβ =
(
1 0
0 −1
)
, Cαβ =
(
1 0
0 −1
)
(4.29)
We denote the components of the Ka¨hler class H and first Chern class c1(E) on this basis
by (z,H , zC) and (c1,H , c1,C), respectively, such that zC = −z2, zH = z1 + z2, c˜1,C = c1,H +
c1,C , c˜1,F = c1,H . The central charge in the large volume limit is then
Zγ =−N
(
1
2
z2H −
1
2
z2C +
1
6
)
+ c1,HzH − c1,CzC − ch2
=−N
(
1
2
z21 + z1z2 +
1
6
)
+ c˜1,F z1 + c˜1,C z2 − ch2
(4.30)
and the degree is
degE = 3c1,H + c1,C . (4.31)
Following [81, §5.1] we consider the strong exceptional collection 16
C = (O,O(C),O(H),O(2H)) (4.32)
associated via (2.38) to the toric system Di = (C,H − C,H,H − C). The Chern characters
[N, (c1,H , c1,C), ch2] of the projective and simple representations are
γ1 = [1, (0, 0), 0]
γ2 =
[
1, (0, 1),−1
2
]
γ3 =
[
1, (1, 0), 1
2
]
γ4 = [1, (2, 0), 2]
γ1 = [1, (0, 0), 0]
γ2 =
[
0, (0, 1),−1
2
]
γ3 =
[−2, (1,−2), 3
2
]
γ4 = [1, (−1, 1), 0]
(4.33)
with slopes 0, 1, 3, 6 and 0,∞,−1/2,−2, respectively. The Euler matrix, its inverse and the
adjacency matrix are given by
S =

1 1 3 6
0 1 2 5
0 0 1 3
0 0 0 1
 , S∨ =

1 −1 −1 2
0 1 −2 1
0 0 1 −3
0 0 0 1
 , κ =

0 1 1 −2
−1 0 2 −1
−1 −2 0 3
2 1 −3 0
 , (4.34)
corresponding to the 4-node quiver [104, Fig. 7], [82]
16This coincides with the second exceptional collectionO,O(0, 1),O(1, 1),O(2, 2) in [102]; the first collection
O,O(1, 0),O(1, 1),O(2, 1) = O,O(H − C),O(H),O(2H − C) in loc. cit., also studied in [34, (59)], leads to
the same quiver, since it corresponds to the same toric system (H,C,C,H −C,H) up to cyclic permutation.
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34
The superpotential is given by [104, 82]
W = −Φ12Φ123Φ234Φ241 + Φ12Φ223Φ234Φ141 + Φ13Φ134Φ241 − Φ13Φ334Φ141 + Φ123Φ334Φ42 − Φ223Φ134Φ42
(4.35)
A general Chern character γ = [N, c1,H , c1,C, ch2] decomposes as γ =
∑
i niγi with
n1 =
1
2
(c1,C + 3c1,H) + ch2 +N,
n2 =
1
2
(3c1,C + 3c1,H) + ch2
n3 =
1
2
(c1,C + c1,H) + ch2
n4 =
1
2
(c1,C − c1,H) + ch2 (4.36)
or conversely
N = n1 − 2n3 + n4, ch2 = 1
2
(3n3 − n2)
c1,H = n3 − n4 , c1,C = n2 − 2n3 + n4 (4.37)
In order that the dimension vector be positive for large positive c2, we set ~N = −~n as usual.
The stability parameters ~ζ = ~ζc in (2.56) for J ∝ c1(S) are given by
ζ1 = ρ(N2 +N3 − 2N4) + 1
2
(N2 − 3N3) = −2 deg ρ+ ch2
ζ2 = ρ(−N1 + 2N3 −N4) + 1
2
(2N3 −N1 −N4) = N ρ+ 1
2
N
ζ3 = ρ(−N1 − 2N2 + 3N4) + 1
2
(3N1 + 3N4 − 2N2) = (2 deg+N)ρ− 2ch2 − 3
2
N,
ζ4 = ρ(2N1 +N2 − 3N3) + 1
2
(N2 − 3N3) = −(deg+2N)ρ+ ch2 (4.38)
The leading order term vanishes for ~N in the span of (1, 1, 1, 1) and (0, 3, 1, 2), which corre-
sponds to D0-branes and D2-branes wrapped on the exceptional curve 3C −H .
For the Beilinson subquiver with Φ14 = Φ24 = 0, the dimension of the moduli space of
quiver representations
dC =N1N2 +N1N3 + 2N2N3 + 3N3N4 −N2N4 − 2N1N4 −N21 −N22 −N23 −N24 + 1 (4.39)
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agrees with the expected dimension of the moduli space of sheaves (2.1). This requires
ζ1 ≥ 0, ζ4 ≤ 0 hence
−2N ≤ deg ≤ 0 (4.40)
Unlike the cases of P2 and F0, this window is no longer fixed by the range of slopes in the
dual collection C∨, which is unbounded due to the vanishing rank of the object E2.
In the attractor chamber, we have instead ζ⋆1 , ζ
⋆
2 ≤ 0, ζ⋆4 ≥ 0, so Φ41 6= 0. When ζ⋆3 ≤ 0,
Φ34 = 0, leading to an expected dimension
d′
C
= N1N2 +N1N3 + 2N2N3 − 3N3N4 +N2N4 + 2N1N4 −N21 −N22 −N23 −N24 + 1 (4.41)
If instead ζ⋆3 ≥ 0, then Φ32 = Φ31 = 0, leading to an expected dimension
d′′
C
= N1N2 −N1N3 − 2N2N3 + 3N3N4 +N2N4 + 2N1N4 −N21 −N22 −N23 −N24 + 1 (4.42)
The relevant branch has dimension d∗
C
= min(d′
C
, d′′
C
) with d′
C
6= d′′
C
, therefore (assuming that
the inequalities are strict) 2d∗
C
≤ d′
C
+ d′′
C
− 1. One can write
d′
C
+ d′′
C
− 2 = − [(N1 −N2)2 + (N2 −N4)2 + (N1 −N4)2 + 2(N3 −N4)2]+ 2N4ζ⋆2 (4.43)
Since the two terms on the r.h.s. are negative, one has d′
C
+ d′′
C
≤ 2 hence d∗
C
≤ 0, with
equality only when all Ni’s coincide. Therefore, the attractor index Ω⋆( ~N) vanishes unless ~N
corresponds to a simple representation or to a pure D0-brane.
For the canonical polarization J ∝ c1(S), the flow tree formula leads to
[N ; c1,H , c1,C ; c2] ~N Ω( ~N, ~ζ
c)
[1; 0, 0; 1] (0, 1, 1, 1) y2 + 2 + 1/y2
[1; 0, 0; 2] (1, 2, 2, 2) y4 + 3y2 + 6 + 3/y2 + 1/y4
[2; 0, 0; 1] (−1, 1, 1, 1) 0
[2; 0, 0; 2] (0, 2, 2, 2) −y5 − 2y3 − 3y − . . .
[2;−1, 0, ; 2] (1, 3, 2, 1) y4 + 3y2 + 5 + . . .
[3;−1, 0; 2] (0, 3, 2, 1) y2 + 1 + 1/y2
[3; 0, 0; 3] (0, 3, 3, 3) y10 + 2y8 + 5y6 + 8y4 + 10y2 + 11 + . . .
[3;−2, 0 3] (1, 4, 2, 0) y2 + 1 + 1/y2
[4;−1, 0; 3] (0, 4, 3, 2) y6 + 2y4 + 5y2 + 6 + . . .
in agreement with the analysis in §A, see in particular (A.8), (A.23), (A.24). Applying the
Coulomb branch formula in the attractor chamber, we find evidence that the single centered
indices ΩS( ~N) vanish, just like the attractor indices Ω⋆( ~N).
For general polarization J ′ = im1(C + F ) + im2F , the stability parameters are instead
given by
ζ1 = m2(N2 −N3) +m1(N3 −N4) + 1
2
(N2 − 3N3)
ζ2 = m2(2N3 −N1 −N4) + 1
2
(2N3 −N1 −N4)
ζ3 = m1(N4 −N1) +m2(N1 − 2N2 +N4) + 1
2
(3N1 −N2 + 3N4)
ζ4 = m1(N1 −N3) +m2(N2 −N3) + 1
2
(N2 − 3N3) (4.44)
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where we recall that mH = m1 +m2, mC = −m2. The chamber Φ14 = Φ24 = 0 is consistent
with the D-term conditions (2.44) provided
−(mC +mH)N ≤ mH c1,H −mC c1,C ≤ 0 (4.45)
For (mH , mC) = (3,−1), this reproduces (4.40). In the boundary chamber Jǫ,1, where the
generating function of VW invariants (A.11) is controlled by the Hall algebra of P1, corre-
sponding to (mH , mC) = (1+ ǫ,−1), this window shrinks to zero size. For fixed Chern vector
with N > 0 and −N < c1,H < 0, the condition (4.45) holds provided the ratio η = m1/m2
satisfies
η ≥ −c1,H + c1,C
c1,H +N
(4.46)
By examining the trees contributing to the flow tree formula, we find that the indices
in the first three lines of the previous table, namely Ω(0, 1, 1, 1), Ω(1, 2, 2, 2), Ω(0, 2, 2, 2)
have no chamber dependence, consistently with the analysis in Section A.1.2. However for
γ = [2,−1, 0, 2], we find Ω(1, 3, 2, 1) = y4 + 3y2 + 5 + . . . for η > 1, y2 + 2 + 1/y2 for
η < 1, with a jump ∆Ω = (y2 + 1 + 1/y2)2 due to two-particle bound states with charges
(γL, γR) = ([1, 0,−1,−1/2], [1,−1, 1,−1]) and ([3,−2, 1,−3/2], [−1, 1,−1, 0]) (with 〈γL, γR〉 =
−1 in both cases). In contrast, the analysis of VW invariants in Section A.1.2 gives the same
value for η > 1 but y4+y2+1+ . . . for 1/3 < η < 1, 0 for η < 1/3. This is not in contradiction
with the quiver index since the condition (4.46) requires η > 1.
4.3 Higher Fm
We consider the strong exceptional collection [105, p100] (as quoted in [75])
C = (O,O(F ),O(C +mF ),O(C + (m+ 1)F )) (4.47)
corresponding to the toric system D˜i = (F,C + (m − 1)F, F, C + F ). The Chern vectors of
the projective and simple representations are
γ1 = [1, (0, 0), 0]
γ2 = [1, (0, 1), 0]
γ3 = [1, (1, m), m
2
]
γ4 = [1, (1, m+ 1), m+2
2
]
γ1 = [1, (0, 0), 0]
γ2 = [−1, (0, 1), 0]
γ3 = [−1, (1, 0), m2 ]
γ4 = [1, (−1,−1), 2−m2 ]
(4.48)
with slopes 0, 2, m+ 2, m+ 4 and 0,−2, m− 2, m− 4. The Euler matrix is
S =

1 2 m+ 2 m+ 4
0 1 m m+ 2
0 0 1 2
0 0 0 1
 , S∨ =

1 −2 m− 2 4−m
0 1 −m m− 2
0 0 1 −2
0 0 0 1
 (4.49)
corresponding to the quiver Qm
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n1
n2
n3
n4
2−m
m
2−m
4−m
A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 =
2−m
2
c1,1 + c1,2 + ch2 +N, (4.50)
n2 = −m
2
c1,1 + c1,2 + ch2,
n3 = −m
2
c1,1 + c1,1 + ch2
n4 = ch2 − m
2
c1,1 (4.51)
or conversely,
N = n1 − n2 − n3 + n4, ch2 = n4 + 1
2
m(n3 − n4)
c1,1 = n3 − n4, , c1,2 = n2 − n4 (4.52)
As usual, we take ~N = −~n so that Ni is positive for large c2. For J ∝ c1(S), the stability
parameters (2.56) are
ζ1 = −ρ deg +ch2
ζ2 = = (deg +2N)ρ− ch2
ζ3 = (deg−(m− 2)N)ρ− ch2 − m
2
N
ζ4 = ((m− 4)N − deg)ρ+ ch2 + m− 2
2
N (4.53)
Depending on m, we find the following results:
• For m = 0, Q0 coincides with the quiver (4.7) for F0, phase I
• Form = 1, Q1 coincides with the quiver (4.34) for F1, up to a permutation of the nodes.
• For m = 2, Q2 reduces to the same quiver (4.20) as for F0, phase II. Moreover, the
dimension vectors are identified provided the components of Chern class are shifted,
(c1,1, c1,2)→ (c1,1, c1,2 − c1,1).
• For m = 3, Q3 is identical to the quiver for F1 in (4.34); the Beilinson quiver Qˆ3 with
Φ31 = Φ42 = Φ41 = 0 requires ζ1 > 0, ζ4 < 0, so is valid in the range −N ≤ deg ≤ 0.
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• For m = 4, Q4 is equivalent by mutation with respect to node 1 or 4 to the quiver (4.7)
as for F0, model I; the Beilinson quiver Qˆ4 with Φ31 = Φ42 = 0 is valid only for sheaves
with deg = 0.
• For m ≥ 5, the Beilinson quiver Qˆ5 with Φ31 = Φ42 = 0 requires ζ1 > 0, ζ4 < 0, hence
(m − 4)N ≤ deg ≤ 0 hence N = 0. Moreover, Q5 appears to belong to a different
mutation class than Q1.
The equivalences Q2 ∼ Q0, Q3 ∼ Q1, Q4 ∼ Q2 noted above are consistent with the analysis
in Section A.1.3, which shows that at least at rank 2, the Vafa-Witten invariants for Fm are
related to those of Fm+2 by shifting the first Chern class and the polarization. We shall leave
the case m ≥ 5 as a puzzle.
5. del Pezzo surfaces
We now turn to the del Pezzo surfaces S = dPk, defined as the blow-up of P
2 at k points in
generic position (such that no three points should be collinear and no six points should lie
on a conic). For k ≥ 2, dPk is isomorphic to the blow-up of F0 = P1 × P1 at k − 1 points,
while dP1 = F1 as mentioned earlier. The del Pezzo surfaces surfaces are toric for k ≤ 3,
Fano for k ≤ 8 and weak Fano for k = 9. Note that del Pezzo surfaces with 3 ≤ k ≤ 8 admit
a positive curvature Ka¨hler-Einstein metric, hence can serve as the base of a Sasaki-Einstein
5-dimensional space.
Viewing dPk as the k-point blow-up of P
2, the second homology H2(S,Z) has dimension
b2(S) = k + 1 and is spanned by the hyperplane class H of P
2 and by the classes of the
exceptional divisors C1, . . . , Ck, with intersection numbers
H ·H = 1 , Ci · Cj = −δij , H · Ci = 0 (5.1)
The anticanonical class is
c1(S) = 3H −
k∑
i=1
Ci (5.2)
hence the degree is c1(S)
2 = 9 − k. As explained in [106], H2(S,Z) admits an action of the
Weyl group Wk of the simple Lie group Ek (with E2 = O(1, 1)×SL(2), E3 = SL(2)×SL(3),
E4 = SL(5), E5 = O(5, 5) and E6,7,8 the exceptional series) – the same Lie group which arises
as the U-duality group in M-theory compactified on T k. The finite group Wk is generated by
Weyl reflections with respect to Ci − Cj (corresponding to permutations of the exceptional
divisors Ci) and with respect to H − Ci − Cj − Ck for any triplet i < j < k, which maps
(Ci, Cj, Ck)→ (H − Cj − Ck, H − Ci − Ck, H − Ci − Cj) (5.3)
leaving (5.2) invariant.
For any k ≤ 8, the collection of invertible sheaves
(O, O(C1), . . . ,O(Ck), O(H), O(2H)) (5.4)
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is known to be strongly exceptional, and all other strongly exceptional collections on dPk
are related to (5.4) by mutations [72]. However, (5.4) is not in general a cyclic strongly
exceptional collection. For k ≤ 3, S is toric and suitable collections can be constructed as
in §2.5. For any k ≤ 8, exceptional collections were proposed using brane web techniques in
[107], but their status for k ≥ 4 is not fully understood. We shall instead rely on the three-
block exceptional collections constructed for any 2 ≤ k ≤ 8 in [56], which are automatically
tachyon-free. For the purpose of comparing with the predictions in Appendix §A.3 based on
the blow-up formula, we shall mostly focus on the Vafa-Witten invariants in the canonical
chamber and in the blow-up chamber J ′ ∝ Hǫ where Hǫ = H + ǫc1(S) with 0 < ǫ ≪ 1
is a small perturbation of the pull-back of the hyperplane class of P2; this perturbation is
necessary in order to avoid walls of marginal stability.
5.1 Three-block collections
In [56], by a sequence of blow-ups and mutations, the authors construct three-block-shaped
strong exceptional collections for any del Pezzo surface dPk with k ≥ 3. These collections are
classified by solutions of the Markov-type equation17
αx2 + βy2 + γz2 = xyz
√
K2S αβγ (5.5)
where α, β, γ correspond to the size of the three blocks, x, y, z to the rank of the sheaves Ei
in each block and K2S = 9− k. Each of these collections is full so α + β + γ = χ(S) = k + 3.
We shall restrict to the solutions of (5.5) with the smallest value of x+ y+ z with x, y, z ≥ 1,
since all other solutions can be obtained by a sequence of transformations
(x, y, z) 7→ (bγz − x, y, z) or (x, cαx− y, z) or (x, y, aβy − z) (5.6)
corresponding to a product of Seiberg dualities on either of the three blocks. The minimal
solutions to the diophantine equation (5.5) are tabulated in Table 1, along with additional
data described below. For given degree K2S = 9 − k, the possible values of (α, β, γ) are in
one-to-one correspondence with maximal subgroups of type SL(α) × SL(β) × SL(γ) ⊂ Ek
[34], and the corresponding three-block collections are manifestly invariant under a subgroup
Sα × Sβ × Sγ of the Weyl group Wk.
For each three-block exceptional collections of the form
C = (E1, . . . , Eα;Eα+1, . . . , Eα+β;Eα+β+1, . . . Eα+β+γ) , (5.7)
the Euler form, its inverse and the adjacency matrix have a 3× 3 block structure
S =
1α C B′1β A
1γ
 , S∨ =
1α −C B1β −A
1γ
 , κ =
 0α C −B−Ct 0β A
Bt −At 0γ
 , (5.8)
where A,B,B′, C are β × γ, α × γ, α × γ, α × β matrices with all entries equal to a, b, b′, c,
respectively. The latter are given by
a = αxK ′, b = βyK ′ , c = γz K ′ , b′ = βac− b (5.9)
17This equation was interpreted in terms of NSVZ beta-functions in [34].
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S K2S # (α, β, γ) (x, y, z,−y′) (a, b, c, b′) (A,B, C) ∆a ∆b ∆c
P2 9 (1) (1, 1, 1) (1, 1, 1, 2) (3, 3, 3, 6) (9, 9, 9) 0 9 9
P1 × P1 8 (2) (1, 2, 1) (1, 1, 1, 1) (2, 4, 2, 4) (8, 16, 8) 5 32 32
dP3 6 (3) (1, 2, 3) (1, 1, 1, 2) (1, 2, 3, 4) (6, 12, 18) 9 96 0
dP4 5 (4) (1, 1, 5) (1, 2, 1, 3) (1, 2, 5, 3) (5, 20, 25) 23 320 0
dP5 4 (5) (2, 2, 4) (1, 1, 1, 3) (1, 1, 2, 3) (8, 8, 16) 5 32 0
dP6 3 (6.1) (3, 3, 3) (1, 1, 1, 2) (1, 1, 1, 2) (9, 9, 9) 0 9 9
(6.2) (1, 2, 6) (2, 1, 1, 5) (1, 1, 3.5) (12, 6, 18) 9 12 0
dP7 2 (7.1) (1, 1, 8) (2, 2, 1, 6) (1, 1, 4, 3) (8, 8, 16) 5 32 0
(7.2) (2, 4, 4) (2, 1, 1, 3) (1, 1, 1, 3) (16, 8, 8) 5 0 32
(7.3) (1, 3, 6) (3, 1, 1, 5) (1, 1, 2, 5) (18, 6, 12) 9 0 12
dP8 1 (8.1) (1, 1, 9) (3, 3, 1, 6) (1, 1, 3, 2) (9, 9, 9) 0 9 9
(8.2) (1, 2, 8) (4, 2, 1, 6) (1, 1, 2, 3) (16, 8, 8) 5 0 32
(8.3) (2, 3, 6) (3, 2, 1, 4) (1, 1, 1, 2) (6, 12, 18) 9 96 0
(8.4) (1, 5, 5) (5, 2, 1, 3) (1, 2, 1, 3) (25, 20, 5) 23 0 320
ShdP5 4 (9.1) (2, 2, 1) (1, 1, 2, 3) (2, 2, 2, 4) (8, 8, 16) 5 32 0
ShdP7 2 (9.2) (2, 1, 4) (2, 2, 1, 4) (2, 1, 2, 3) (16, 8, 8) 5 0 32
Table 1: List of minimal solutions to Markov’s equation (5.5), from [56, 108]. The last three
columns denote ∆a = A + B + C − 27, ∆b = BC − 4B − 4C, ∆c = AB − 4A − 4B, which must be
negative for the strategies a, b, c for proving the vanishing of attractor indices to apply (see Appendix
B). The last two lines correspond to the two additional solutions found in [108], whose geometric
interpretation remains unclear.
where K ′ =
√
K2S/(αβγ). It will be useful to define
A = a2βγ , B = b2αγ , C = c2αβ, (5.10)
such that the Markov equation (5.5) becomes
A+ B + C =
√
ABC (5.11)
The values of (α, β, γ), (x, y, z), (a, b, c), (A,B, C) for each collection are displayed in Table
1. Using (2.32), the dual collection is given by
C∨ = (E∨1 , . . . , E∨α ;E∨α+1, . . . , E∨α+β;E∨α+β+1, . . . E∨α+β+γ) (5.12)
where
E∨i =

Ei for i = 1 . . . α
LEEi for i = α + 1, . . . , α+ β
Ei ⊗KS for i = α + β + 1, . . . , α+ β + γ
(5.13)
where LE = LE1 · · · · · LEα. In particular, the rank of the sheaves in the dual collection are
(x′, y′, z′) = (x, y − cαx, z), such that b′ = −βy′K ′. It is easy to check that these data satisfy
the constraints (2.24) and (2.28), along with
ax− b′y + cz = ax′ + by′ + cz′ = 0 (5.14)
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While the slopes νi and ν∨i of the sheaves are not uniquely determined by this data, it is
straightforward to show that the differences satisfy
ν1 − ν2 = − c
xy
, ν2 − ν3 = − a
yz
, ν3 − ν1 = b
′
xz
ν∨1 − ν∨2 = −
c
x′y′
, ν∨2 − ν∨3 = −
a
y′z′
, ν∨3 − ν∨1 = −
b
x′z′
(5.15)
in such a way that ν1 < ν2 < ν3 while ν
∨
1 > ν
∨
2 > ν
∨
3 . The superpotential is a sum of cubic
terms, and is known explicitly only for a few cases [109, 110, 74].
In the next subsections, we shall discuss each three-block exceptional collection in detail
(along with some additional non-three-block collections for dP2 and dP3). It is useful however
to highlight some general properties. In each case, the dimension vector for a pure D0-brane
is (−x, . . . ,−y, . . . ,−z, . . . ), and the relevant dimension vector is ~N = −~n where γ =∑i niγi,
so that its entries are positive for large positive c2. The stability parameters ~ζ = (ς1; ς2; ς3)
in the canonical chamber are independent of i in each block (up to subleading corrections as
ρ→∞), and given by
ς1 = ρ(cN2−bN3)+O(1) , ς2 = ρ(aN3−cN1)+O(1) , ς3 = ρ(bN1−aN2)+O(1) (5.16)
where
N1 =
α∑
i=1
Ni , N2 =
α+β∑
i=α+1
Ni , N3 =
α+β+γ∑
i=α+β+1
Ni (5.17)
In terms of the rank and degree
rk(E) = −x′N1 − y′N2 − z′N3 := N
deg(E) = −x′ν∨1N1 − y′ν∨2N2 − z′ν∨3N3 := N ν (5.18)
the stability parameters can be re-expressed as
ς1 = ρx
′N(ν∨1 − ν) , ς2 = ρy′N(ν∨2 − ν) , ς3 = ρz′N(ν∨3 − ν) , (5.19)
By construction, the dimension in the chamber Φij = 0 where i = α + β + 1, . . . , r and
j = 1 . . . α = 0
dC = cN1N2 + aN2N3 − bN1N3 −
∑
i
N2i + 1 (5.20)
agrees with the expected dimension (2.1). This is consistent with the stability parameters
(5.19) provided the slope ν(E) lies in the interval
ν∨3 ≤ ν(E) ≤ ν∨1 (5.21)
When either of the Ni’s vanish, the index Ω( ~N, ~ζ) can be computed using Reineke’s formula.
In general, we can use the flow tree conjecture, provided the attractor indices Ω⋆( ~N) are
known. In Appendix B, using three distinct strategies a, b, c depending on the signs of the
combinations
∆a = A+ B + C − 27 , ∆b = BC − 4B − 4C , ∆c = AB − 4A− 4B, (5.22)
we show that Ω⋆( ~N) = 0 unless ~N corresponds to a simple representation or to pure D0-
brane. Based on this result, we evaluate the BPS indices in the blow-up chamber J ′ ∝ Hǫ
for a variety of dimension vectors, and find perfect agreement with the generating functions
listed in Appendix §A.3.
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5.2 dP2
The toric fan is generated by 5 vectors,
vi =
(
1 0 −1 −1 0
0 1 0 −1 −1
)
(5.23)
The corresponding divisors satisfy the linear relations
D1 = D3 +D4 , D2 = D4 +D5 (5.24)
and form an overcomplete basis of H2(S,Z), with intersection numbers
D2i = (0, 0,−1,−1,−1) . (5.25)
One may identify
D1 = H − C2 , D2 = H − C1 , D3 = C1 , D4 = H − C1 − C2 , D5 = C2 (5.26)
where H,C1, C2 are the hyperplane class of P
2 and the two exceptional divisors, respectively,
such that the intersection matrix in the basis H,C1, C2 becomes diagonal,
Cαβ =
 1 −1
−1
 (5.27)
The square of the canonical class c1(S) =
∑
iDi = 3H −C1 −C2 evaluates to 7 as expected.
5.2.1 Model I
We start with the standard exceptional collection (O,O(C1),O(C2),O(H),O(2H)) from
(5.4). In the language of §2.5, this is obtained via (2.41) from the toric system
D˜i = (C1, C2 − C1, H − C2, H,H − C1 − C2) . (5.28)
The Chern vectors of the projective and primitive objects are
γ1 = [1, (0, 0, 0) , 0]
γ2 =
[
1, (0, 1, 0) ,−1
2
]
γ3 =
[
1, (0, 0, 1) ,−1
2
]
γ4 =
[
1, (1, 0, 0) , 1
2
]
γ5 = [1, (2, 0, 0) , 2]
γ1 = [1, (0, 0, 0) , 0]
γ2 =
[
0, (0, 1, 0) ,−1
2
]
γ3 =
[
0, (0, 0, 1) ,−1
2
]
γ4 =
[−2, (1,−2,−2) , 5
2
]
γ5 =
[
1, (−1, 1, 1) ,−1
2
]
(5.29)
with slopes 0, 1, 1, 3, 6 and 0,∞,∞, 1/2,−1, respectively. The Euler matrix has a four-block
structure,
S =

1 1 1 3 6
0 1 0 2 5
0 0 1 2 5
0 0 0 1 3
0 0 0 0 1
 , S∨ =

1 −1 −1 1 1
0 1 0 −2 1
0 0 1 −2 1
0 0 0 1 −3
0 0 0 0 1
 , κ =

0 1 1 −1 −1
−1 0 0 2 −1
−1 0 0 2 −1
1 −2 −2 0 3
1 1 1 −3 0
 (5.30)
corresponding to the quiver
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12
3 4
5
The superpotential was found in [110, p20],
W =− Φ22,4Φ34,5Φ5,2 + Φ23,4Φ34,5Φ5,3 − Φ13,4Φ24,5Φ5,3 + Φ2,4Φ14,5Φ5,2 − Φ1,2Φ12,4Φ4,1
+ Φ1,3Φ
1
3,4Φ4,1 + Φ1,2Φ
2
2,4Φ
2
4,5Φ5,1 − Φ1,3Φ23,4Φ14,5Φ5,1
(5.31)
A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 =
1
2
(c1,1 + c1,2 + 3c1,H) + ch2 +N
n2 =
1
2
(3c1,1 + c1,2 + 3c1,H) + ch2
n3 =
1
2
(c1,1 + 3c1,2 + 3c1,H) + ch2
n4 =
1
2
(c1,1 + c1,2 + c1,H) + ch2
n5 =
1
2
(c1,1 + c1,2 − c1,H) + ch2 (5.32)
or conversely,
N = n1 − 2n4 + n5, ch2 = 1
2
(−n2 − n3 + 5n4 − n5)
c1,H = n4 − n5, c1,1 = n2 − 2n4 + n5, c1,2 = n3 − 2n4 + n5,
(5.33)
Note that under exchanging c1,1 ↔ c1,2, n1, n4, n5 stay invariant while n2, n3 get exchanged.
For large c2, the entries in ~n are all negative, so we should consider the dimension vector
~N = −~n. The relevant stability parameters in (2.56) in the canonical chamber J ∝ c1(S) are
ζ1 = ρ(N2 +N3 −N4 −N5)−+1
2
(N2 +N3 +N5 − 5N4) = −ρ deg +ch2
ζ2,3 = ρ(2N4 −N1 −N5)− 1
2
(N1 − 2N4 +N5) = ρN + N
2
ζ4 = ρ(N1 + 3N5 − 2N2 − 2N3) + 5N1
2
−N2 −N3 + 3N5
2
= ρ(2 deg−N)− 2ch2 − 5
2
N,
ζ5 = ρ(N1 +N2 +N3 − 3N4)− 1
2
(N1 −N2 −N3 + 3N4)
= −ρ(deg +N) + ch2 + N
2
(5.34)
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where deg = 3c1,H + c1,2 + c1,1. In the chamber where Φ51 = Φ52 = Φ53 = Φ41 = 0, the
dimension
dC = N1N2+N1N3+2N2N4+2N3N4−N1N4−N1N5−N2N5−N3N5+3N4N5−
∑
i
N2i +1
(5.35)
coincides with the expected dimension (2.1). This is consistent with ζ1 ≥ 0, ζ5 ≤ 0 provided
−N ≤ deg ≤ 0 . (5.36)
Note that this differs from the range of slopes in the dual collection C∨, which is unbounded
due to the vanishing rank of the objects E2 and E3.
In the attractor chamber where ζ⋆1 ≤ 0, ζ⋆2 = ζ⋆3 ≤ 0, ζ⋆4 ≥ 0, ζ⋆5 ≥ 0, one has instead
Φ42 = Φ43 = 0, with dimension
d∗C = 1−
1
2
[
(N1 −N5)2 + (N1 −N3)2 + (N3 −N5)2 + 2(N4 −N2)2
]−N4ζ⋆4 +N2ζ⋆2
(5.37)
This is manifestly negative, unless N1 = N3 = N5, N2 = N4 and ζ
⋆
2 = ζ
⋆
4 = 0. We conclude
that the attractor index Ω⋆( ~N) vanishes unless ~N is the dimension vector of a simple rep-
resentation or all Ni’s coincide, corresponding to a pure D0-brane. Applying the Coulomb
branch formula in the attractor chamber, we find evidence that single-centered invariants also
vanish under the same condition on ~N .
For γ = [1; 0, 0, 0; 1], [1; 0, 0, 0; 2] in the canonical chamber, using the flow tree formula
one deduces
Ω(0, 1, 1, 1, 1, ~ζc) = y2 + 3 + 1/y2
Ω(1, 2, 2, 2, 2, ~ζc) = y4 + 4y2 + 10 + 4/y2 + 1/y4 (5.38)
in agreement with (A.8). The same result is expected to hold for any J ′ with J ′ · c1(S) > 0.
In the blow-up chamber J ′ ∝ H + ǫc1(S), one should use
~ζH = (−c1,H , 0, 0, 2c1,H +N,−N − c1,H) + ǫ~ζc (5.39)
so that the stability condition (2.55) reduces to
∑
iN
′
iζi = Nc
′
1,H − N ′c1,H + O(ǫ). This is
consistent with the D-term conditions ζ1 ≥ 0, ζ5 ≤ 0 provided −N ≤ c1,H ≤ 0. We get
[N ; c1,H , c1,1, c1,2; c2] ~N Ω( ~N, ~ζ
H)
[2;−1, 1, 0; 1] (0, 1, 2, 1, 0) −y − 1/y
[2;−1, 0, 1; 1] (0, 2, 1, 1, 0) −y − 1/y
[2;−1, 1, 1; 1] (0, 1, 1, 1, 0) y2 + 2 + 1/y2
[2;−1, 2, 0; 1] (1, 1, 3, 2, 1) y4 + 4y2 + 7 + . . .
[2; 0, 0, 0; 2] (0, 2, 2, 2, 2) −y5 − 3y3 − 6y − . . .
[3;−1, 3, 0;−1] (0, 0, 3, 2, 1) y2 + 1 + 1/y2
[3;−1, 2, 1; 1] (0, 1, 2, 2, 1) y6 + 3y4 + 6y2 + 7 + . . .
in agreement with the analysis in §A.3.
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5.2.2 Model II
We now consider the exceptional collection
(O,O(H − C2),O(2H − C1 − C2),O(2H − C2),O(3H − C1 − 2C2)) (5.40)
following from (2.38) and discussed in [81]. The Chern vectors of the objects Ei and dual
objects Ei are
γ1 = [1, (0, 0, 0) , 0]
γ2 = [1, (1, 0,−1) , 0]
γ3 = [1, (2,−1,−1) , 1]
γ4 =
[
1, (2, 0,−1) , 3
2
]
γ5 = [1, (3,−1,−2) , 2]
γ1 = [1, (0, 0, 0) , 0]
γ2 = [−1, (1, 0,−1) , 0]
γ3 = [−1, (0,−1, 1) , 1]
γ4 =
[
0, (−1, 1, 1) , 1
2
]
γ5 =
[
1, (0, 0,−1) ,−1
2
]
(5.41)
with slopes 0, 2, 4, 5, 6 and 0,−2, 0,∞,−1, respectively. The Euler matrix, its inverse and the
adjacency matrix are
S =

1 2 4 5 6
0 1 2 3 4
0 0 1 1 2
0 0 0 1 1
0 0 0 0 1
 , S∨ =

1 −2 0 1 1
0 1 −2 −1 1
0 0 1 −1 −1
0 0 0 1 −1
0 0 0 0 1
 , κ =

0 2 0 −1 −1
−2 0 2 1 −1
0 −2 0 1 1
1 −1 −1 0 1
1 1 −1 −1 0
 (5.42)
corresponding to the quiver
1
23
4
5
with superpotential [110, (4.10)]
W =− Φ21,2Φ2,4Φ4,1 − Φ22,3Φ3,5Φ5,2 + Φ2,4Φ4,5Φ5,2
+ Φ21,2Φ
1
2,3Φ3,5Φ5,1 + Φ
1
1,2Φ
2
2,3Φ3,4Φ4,1 − Φ11,2Φ12,3Φ3,4Φ4,5Φ5,1
(5.43)
The corresponding brane tiling appears as model 12a in [80]. A general Chern character
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γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 =
1
2
(c1,1 + c1,2 + 3c1,H) + ch2 +N
n2 =
1
2
(c1,1 − c1,2 + c1,H) + ch2
n3 =
1
2
(−c1,1 − c1,2 − c1,H) + ch2
n4 =
1
2
(c1,1 − c1,2 − c1,H) + ch2
n5 =
1
2
(−c1,1 − 3c1,2 − 3c1,H) + 2ch2 (5.44)
or conversely
N = n1 − n2 − n3 + n5 , ch2 = n3 + 1
2
(n4 − n5)
c1,H = n2 − n4 , c1,1 = n4 − n3 , c1,2 = −n2 + n3 + n4 − n5 (5.45)
For large c2, the entries in ~n are all negative, so we should consider the dimension vector
~N = −~n. The relevant stability parameters (2.56) in the canonical chamber J ∝ c1(S) are
ζ1 = − deg ρ+ ch2
ζ2 = (deg+2N)ρ− ch2
ζ3 = deg ρ− ch2 −N
ζ4 = −Nρ− N
2
ζ5 = −(deg+N)ρ+ ch2 + N
2
(5.46)
The dimension agrees with (2.1) in the chamber where Φ14 = Φ15 = Φ25 = 0. This requires
ζ1 ≥ 0, ζ5 ≤ 0 hence
−N ≤ deg ≤ 0 (5.47)
This differs from the range of slopes in the dual collection C∨, which is unbounded due to the
vanishing rank of E4.
In the attractor chamber (2.57), we have instead Φ23 = Φ24 = 0. The dimension satisfies
dC − d⋆C = 2N2(2N3 +N4 −N5 − 2N1) + 2N1(2N2 −N4 −N5) ≥ 0 (5.48)
since ζ⋆2 = 2N1 +N5 − 2N3 −N4 ≤ 0 and ζ⋆1 = N4 +N5 − 2N2 ≤ 0. Moreover
dC + d
⋆
C = 2−
[
2(N1 −N2)2 + (N3 −N4)2 + (N4 −N5)2 + (N5 −N3)2
] ≤ 0 (5.49)
It follows that the attractor index Ω⋆( ~N) vanish unless N1 = N2 and N3 = N4 = N5. When
these equalities are satisfied, one has ζ⋆1 = 2(N2 − N1) = −ζ⋆2 , but the inequality (5.47)
requires that ζ⋆2 ≥ 0, so ζ⋆2 must vanish. Thus, the attractor index Ω⋆( ~N) vanishes unless ~N
corresponds to a simple representation or all Ni’s are equal, corresponding to a pure D0-brane.
Applying the Coulomb branch formula in the attractor chamber, we find evidence that the
single-centered invariants ΩS( ~N) also vanish, under the same conditions on ~N .
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For γ = [1; 0, 0, 0; 1] in the canonical chamber, we get from the flow tree formula
Ω(0, 1, 1, 1, 1, ~ζc) = y2 + 3 + 1/y2 (5.50)
in agreement with (A.8). The same result is expected to hold for any J ′ with J ′ · c1(S) > 0.
In the blow-up chamber J ′ ∝ Hǫ, one should instead use
~ζH = (−c1,H , c1,H +N, c1,H ,−N,−c1,H) + ǫ~ζc (5.51)
so that the stability condition (2.55) reduces to
∑
iN
′
iζi = Nc
′
1,H − N ′c1,H + O(ǫ). This is
consistent with the conditions ζ1 ≥ 0, ζ5 ≤ 0 only when c1,H = 0. From the flow tree formula
we get
[N ; c1,H , c1,1, c1,2; c2] ~N Ω( ~N, ~ζ
H)
[2; 0,−1, 0; 1] (0, 2, 1, 2, 1) y2 + 2 + 1/y2
[2; 0,−1,−1; 1] (1, 2, 1, 2, 0) y3 − 2y − . . .
[2; 0, 0, 0; 2] (0, 2, 2, 2, 2) −y5 − 3y3 − 6y − . . .
[3; 0, 1,−2; 0] (0, 1, 2, 1, 0) y2 + 1 + 1/y2
[3; 0,−1,−1; 1] (0, 2, 1, 2, 0) y2 + 1 + 1/y2
[3; 0, 0,−1; 2] (0, 2, 2, 2, 1) y6 + 3y4 + 8y2 + 10 + . . .
in agreement with the analysis in §A.3.
5.3 dP3
The toric fan is generated by 6 vectors,
vi =
(
1 1 0 −1 −1 0
0 1 1 0 −1 −1
)
(5.52)
The corresponding divisors satisfy the linear relations
D1 +D2 = D4 +D5 , D2 +D3 = D5 +D6 (5.53)
and form an overcomplete basis of H2(S,Z), with intersection numbers D
2
i = −1 for all i.
According to [106, §2.6], the divisors Di can be expressed in terms of H,C1, C2, C3 associated
to the hyperplane class of P2 and the three exceptional divisors via
D1 = C1, D2 = H−C1−C2, D3 = C2, D4 = H−C2−C3, D5 = C3, D6 = H−C1−C3 (5.54)
In the basis H,C1, C2, C3, the intersection matrix becomes diagonal,
Cαβ =

1
−1
−1
−1
 (5.55)
The square of the canonical class c1(S) =
∑
iDi = 3H − C1 − C2 − C3 evaluates to 6 as
expected. We shall consider four different collections, corresponding to models I to IV in
[109, 110].
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5.3.1 Model I
We first consider the exceptional collection obtained from (2.38)
C = (O(0),O(C1),O(H − C2),O(H),O(2H − C2 − C3),O(2H − C2)) , (5.56)
which is equivalent to the one used in [81, (3.10)], upon exchanging C1 and C2. The Chern
vectors of the objects Ei and dual objects Ei are
γ1 = [1, (0, 0, 0, 0) , 0]
γ2 =
[
1, (0, 0, 1, 0) ,−1
2
]
γ3 = [1, (1,−1, 0, 0) , 0]
γ4 =
[
1, (1, 0, 0, 0) , 1
2
]
γ5 = [1, (2,−1, 0,−1) , 1]
γ6 =
[
1, (2,−1, 0, 0) , 3
2
]
γ1 = [1, (0, 0, 0, 0) , 0]
γ2 =
[
0, (0, 0, 1, 0) ,−1
2
]
γ3 =
[−1, (1,−1,−1, 0) , 1
2
]
γ4 = [−1, (0, 1,−1, 0) , 1]
γ5 =
[
0, (0, 0, 0,−1) , 1
2
]
γ6 =
[
1, (−1, 0, 1, 1) ,−1
2
]
(5.57)
with slopes 0, 1, 2, 3, 4, 5 and 0,∞,−1, 0,∞,−1. The Euler matrix, its inverse and the adja-
cency matrix are given by
S =

1 1 2 3 4 5
0 1 1 2 3 4
0 0 1 1 2 3
0 0 0 1 1 2
0 0 0 0 1 1
0 0 0 0 0 1

, S∨ =

1 −1 −1 0 1 1
0 1 −1 −1 0 1
0 0 1 −1 −1 0
0 0 0 1 −1 −1
0 0 0 0 1 −1
0 0 0 0 0 1

, κ =

0 1 1 0 −1 −1
−1 0 1 1 0 −1
−1 −1 0 1 1 0
0 −1 −1 0 1 1
1 0 −1 −1 0 1
1 1 0 −1 −1 0

(5.58)
This reproduces the quiver in [107], known as model I, invariant under the dihedral group D6,
1
6
23
4
5
The superpotential is given by [109, 110]
W =Φ12Φ23Φ34Φ45Φ56Φ61 − (Φ23Φ35Φ56Φ62 + Φ13Φ34Φ46Φ61 + Φ12Φ24Φ45Φ51)
+ Φ13Φ35Φ51 + Φ24Φ46Φ62
(5.59)
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A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 =
1
2
(c1,1 + c1,2 + c1,3 + 3c1,H) + ch2 +N
n2 =
1
2
(c1,1 + 3c1,2 + c1,3 + 3c1,H) + ch2
n3 =
1
2
(−c1,1 + c1,2 + c1,3 + c1,H) + ch2
n4 =
1
2
(c1,1 + c1,2 + c1,3 + c1,H) + ch2
n5 =
1
2
(−c1,1 + c1,2 − c1,3 − c1,H) + ch2
n6 =
1
2
(−c1,1 + c1,2 + c1,3 − c1,H) + ch2 (5.60)
or conversely
N = n1 − n3 − n4 + n6 , ch2 = 1
2
(−n2 + n3 + 2n4 + n5 − n6)
c1,H = n3 − n6, c1,1 = n4 − n3, c1,2 = n2 − n3 − n4 + n6, c1,3 = n6 − n5,
(5.61)
Setting ~N = −~n, the stability parameters in the canonical chamber J ∝ c1(S) are
ζ1 = ρ(N2 +N3 −N5 −N6) + 1
2
(N2 −N3 − 2N4 −N5 +N6)
= −ρ deg+ch2,
ζ2 = −ζ5 = ρ(N3 +N4 −N1 −N6) + 1
2
(N3 +N4 −N1 −N6) = ρN + N
2
ζ3 = −ζ6 = ρ(N4 +N5 −N1 −N2) + 1
2
(N1 −N2 +N4 +N5)
= ρ(deg+N)− ch2 − N
2
ζ4 = ρ(N5 +N6 −N2 −N3) + 1
2
(2N1 −N2 −N3 +N5 +N6)
= ρ deg−ch2 −N (5.62)
The dimension dC in the chamber where Φ51 = Φ61 = Φ62 coincides with the expected
dimension (2.1). This is consistent with ζ1 ≥ 0, ζ6 ≤ 0 provided
−N ≤ deg ≤ 0 (5.63)
This differs from the range of slopes in the dual collection C∨, which is unbounded due to the
vanishing rank of E2 and E5.
In the attractor chamber, we have instead ζ⋆2 ≤ 0, ζ⋆3 ≤ 0, ζ⋆4 > 0 hence Φ24 = Φ34 =
Φ35 = 0, with expected dimension d
∗
C
. Since the difference can be written as
dC − d∗C = 2N1(N2 +N3 −N5 −N6) + 2N2(N3 +N4 −N1 −N6) + 2N3(N4 +N5 −N1 −N2)
= −2N1ζ⋆1 − 2N2ζ⋆2 − 2N3ζ⋆3 > 0 (5.64)
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the dimension d∗
C
is smaller than dC. The sum of the two dimensions
dC+d
∗
C
= 2−[(N1 −N2)2 + (N2 −N3)2 + (N3 −N1)2 + (N4 −N5)2 + (N5 −N6)2 + (N6 −N4)2]
(5.65)
is manifestly negative, unless N1 = N2 = N3 and N4 = N5 = N6. For those values however,
one has ζ⋆1 = 2(N4 − N1) = −ζ⋆3 , while ζ⋆1 and ζ⋆3 must be both negative, so all Ni’s must
be equal, corresponding to a pure D0-brane. We conclude that the attractor index Ω⋆( ~N)
vanishes except for simple representations or D0-branes.
For γ = [1; 0, 0, 0, 0; 1] in the canonical chamber, we find using the flow tree formula
Ω(0, 1, 1, 1, 1, 1, ~ζc) = y2 + 4 + 1/y2 . (5.66)
in agreement with (A.8). The same result is expected to hold for any J ′ with J ′ · c1(S) > 0.
Applying the flow tree formula in the attractor chamber, we find evidence that single-centered
invariants vanish, just like attractor invariants.
In the blow-up chamber J ′ ∝ Hǫ, one should instead use
~ζH = (−c1,H , 0, c1,H +N, c1,H , 0,−c1,H −N) + ǫ~ζc (5.67)
This is consistent with ζ1 ≥ 0, ζ6 ≤ 0 provided −N ≤ c1,H ≤ 0. From the flow tree formula
we get
[N ; c1; c2] ~N Ω( ~N, ~ζ
H)
[2;−1, 0, 0, 0; 1] (0, 2, 1, 1, 0, 0) 1
[2;−1, 1, 0, 0; 1] (2, 2, 1, 1, 1, 0) −y − 1/y
[2;−1, 1, 1, 0; 1] (0, 1, 2, 1, 1, 1) y2 + 2 + 1/y2
[2; 0,−1, 0, 0; 1] (0, 2, 1, 2, 1, 1) y2 + 3 + 1/y2
[2; 0,−1, 1, 0; 0] (0, 1, 1, 2, 1, 1) −y3 − 3y − . . .
[2; 0,−1, 1,−1; 0] (0, 1, 1, 2, 0, 1) 1
[3;−1, 0, 3, 0;−1] (0, 0, 2, 2, 1, 1) y2 + 1 + 1/y2
[3;−1, 0, 2, 0; 1] (0, 1, 2, 2, 1, 1) y4 + 2y2 + 3 + . . .
[3; 0,−2, 2, 0;−1] (0, 1, 1, 3, 1, 1) 0
in agreement with the analysis in §A.3.
After left-mutation with respect to node 2 and applying the permutation 142356 on the
nodes, we obtain the model II below.
5.3.2 Model II
We now consider the exceptional collection obtained by Seiberg duality on any node of the
previous model. Specifically, we consider the Chern vectors
γ1 = [1, (0, 0, 0, 0) , 0]
γ2 = [1, (1,−1, 0, 0) , 0]
γ3 =
[
1, (1, 0, 0, 0) , 1
2
]
γ4 = [1, (2,−1,−1, 0) , 1]
γ5 = [1, (2,−1, 0,−1) , 1]
γ6 =
[
1, (2,−1, 0, 0) , 3
2
]
γ1 = [1, (0, 0, 0, 0) , 0]
γ2 = [−1, (1,−1, 0, 0) , 0]
γ3 =
[−1, (0, 1, 0, 0) , 1
2
]
γ4 =
[
0, (0, 0,−1, 0) , 1
2
]
γ5 =
[
0, (0, 0, 0,−1) , 1
2
]
γ6 =
[
1, (−1, 0, 1, 1) ,−1
2
]
(5.68)
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with slopes 0, 2, 3, 4, 4, 5 and 0,−2,−1,∞,∞,−1, respectively. The Euler matrix has a five-
block structure,
S =

1 2 3 4 4 5
0 1 1 2 2 3
0 0 1 1 1 2
0 0 0 1 0 1
0 0 0 0 1 1
0 0 0 0 0 1

, S∨ =

1 −2 −1 1 1 1
0 1 −1 −1 −1 1
0 0 1 −1 −1 0
0 0 0 1 0 −1
0 0 0 0 1 −1
0 0 0 0 0 1

, κ =

0 2 1 −1 −1 −1
−2 0 1 1 1 −1
−1 −1 0 1 1 0
1 −1 −1 0 0 1
1 −1 −1 0 0 1
1 1 0 −1 −1 0

(5.69)
3
2
54
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with superpotential [109, 110]
W = Φ21,2Φ2,4Φ4,1 − Φ11,2Φ2,5Φ5,1 − Φ1,3Φ3,4Φ4,1 + Φ1,3Φ3,5Φ5,1
−Φ2,4Φ4,6Φ6,2 + Φ2,5Φ5,6Φ6,2 − Φ21,2Φ2,3Φ3,5Φ5,6Φ6,1 + Φ11,2Φ2,3Φ3,4Φ4,6Φ6,1 (5.70)
A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 =
1
2
(c1,1 + c1,2 + c1,3 + 3c1,H) + ch2 +N
n2 =
1
2
(−c1,1 + c1,2 + c1,3 + c1,H) + ch2
n3 =
1
2
(c1,1 + c1,2 + c1,3 + c1,H) + ch2
n4 =
1
2
(−c1,1 − c1,2 + c1,3 − c1,H) + ch2
n5 =
1
2
(−c1,1 + c1,2 − c1,3 − c1,H) + ch2
n6 =
1
2
(−c1,1 + c1,2 + c1,3 − c1,H) + ch2 (5.71)
or conversely
N = n1 − n2 − n3 + n6 , ch2 = 1
2
(n3 + n4 + n5 − n6)
c1,H = n2 − n6 , c1,1 = n3 − n2 , c1,2 = n6 − n4 , c1,3 = n6 − n5 (5.72)
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As usual, we take ~N = −~n. The stability parameter ~ζ = ~ζc in (2.56) in the canonical chamber
J ∝ c1(S) is then
ζ1 = − deg ρ+ ch2
ζ2 = (deg+2N)ρ− ch2
ζ3 = −ζ6 = (deg+N)ρ− ch2 − N
2
ζ4,5 = −Nρ− N
2
(5.73)
In the chamber where Φ41 = Φ51 = Φ61 = Φ26 = 0, the expected dimension
dC = N1(2N2+N3)+N2(N3+N4+N5)+(N4+N5)(N3+N6)−N1(N4+N5+N6)−N2N6−
∑
i
N2i +1
(5.74)
agrees with (2.1) This requires ζ1 ≥ 0, ζ6 ≤ 0 hence
−N ≤ deg ≤ 0 . (5.75)
Again, this differs from the range of slopes in the dual collection C∨, which is unbounded due
to the vanishing rank of E4 and E5.
In the attractor chamber, one has instead Φ2i = Φ3i = 0 for i = 4, 5, with expected
dimension d∗
C
. The difference satisfies
dC − d⋆C = 2(N4ζ⋆4 +N5ζ⋆5 +N6ζ⋆6 ) ≥ 0 (5.76)
since ζ⋆4,5,6 are positive. The sum of the two dimensions
dC + d
⋆
C = 2−
[
(N1 −N2)2 + (N1 −N3)2 + (N2 −N3)2 + (N1 −N4)2+
+(N1 −N5)2 + (N4 −N6)2 + (N5 −N6)2
]− 2N1 ζ⋆6 (5.77)
is manifestly negative, unless all Ni’s coincide. This corresponds to the case of a pure D0-
brane, with expected dimension dC = 1. Thus we conclude that the attractor index Ω⋆( ~N)
vanishes unless ~N corresponds to a simple representation or a pure D0-brane.
After right-mutation on the node 4 and applying the permutation 134256, we get the
model I above. After right-mutation on the node 6 and exchanging the nodes 4 and 6, we get
the model III described next.
5.3.3 Model III
We now consider the exceptional collection with Chern vectors
γ1 = [1, (0, 0, 0, 0) , 0]
γ2 = [1, (1,−1, 0, 0) , 0]
γ3 =
[
1, (1, 0, 0, 0) , 1
2
]
γ4 =
[
1, (2,−1,−1,−1) , 1
2
]
γ5 = [1, (2,−1, 0,−1) , 1]
γ6 = [1, (2,−1,−1, 0) , 1]
γ1 = [1, (0, 0, 0, 0) , 0]
γ2 = [−1, (1,−1, 0, 0) , 0]
γ3 =
[−1, (0, 1, 0, 0) , 1
2
]
γ4 =
[−1, (1, 0,−1,−1) , 1
2
]
γ5 = [1, (−1, 0, 1, 0) , 0]
γ6 = [1, (−1, 0, 0, 1) , 0]
(5.78)
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with slopes 0, 2, 3, 4, 4 and 0,−2,−1,−1,−2,−2, respectively. The Euler matrix has now a
four-block structure,
S =

1 2 3 3 4 4
0 1 1 1 2 2
0 0 1 0 1 1
0 0 0 1 1 1
0 0 0 0 1 0
0 0 0 0 0 1

, S∨ =

1 −2 −1 −1 2 2
0 1 −1 −1 0 0
0 0 1 0 −1 −1
0 0 0 1 −1 −1
0 0 0 0 1 0
0 0 0 0 0 1

, κ =

0 2 1 1 −2 −2
−2 0 1 1 0 0
−1 −1 0 0 1 1
−1 −1 0 0 1 1
2 0 −1 −1 0 0
2 0 −1 −1 0 0

(5.79)
3
2
65
1 4
with superpotential [109, 110]
W = Φ21,2Φ2,3Φ3,6Φ
2
6,1 + Φ
2
1,2Φ2,4Φ4,5Φ5,1 − Φ1,2 Φ2,3Φ3,5Φ25,1 − Φ1,2Φ2,4Φ4,6Φ6,1
−Φ1,4Φ4,5Φ25,1 + Φ1,4Φ4,6Φ26,1 + Φ1,3Φ3,5Φ5,1 − Φ1,3Φ3,6Φ6,1 (5.80)
A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 =
1
2
(c1,1 + c1,2 + c1,3 + 3c1,H) + ch2 +N
n2 =
1
2
(−c1,1 + c1,2 + c1,3 + c1,H) + ch2
n3 =
1
2
(c1,1 + c1,2 + c1,3 + c1,H) + ch2
n4 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,H) + ch2
n5 =
1
2
(−c1,1 + c1,2 − c1,3 − c1,H) + ch2
n6 =
1
2
(−c1,1 − c1,2 + c1,3 − c1,H) + ch2 (5.81)
or conversely
N = n1 − n2 − n3 − n4 + n5 + n6 , ch2 = 1
2
(n3 + n4)
c1,H = n2 + n4 − n5 − n6 , c1,1 = n3 − n2 , c1,2 = n5 − n4 , c1,3 = n6 − n4 (5.82)
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As usual we take ~n = − ~N . The stability parameter ~ζ = ~ζc in (2.56) for J ∝ c1(S) is
ζ1 = − deg ρ+ ch2
ζ2 = (deg+2N)ρ− ch2
ζ3,4 = (deg+N)ρ− ch2 − N
2
ζ5,6 = −(deg +2N)ρ+ ch2 (5.83)
In the chamber where Φ51 = Φ61 = 0, the expected dimension
dC = 1−
∑
i
N2i + 2N1N2 + (N1 +N2)(N3 +N4) + (N3 +N4)(N5 +N6)− 2N1(N5 +N6)
(5.84)
agrees with (2.1). This requires ζ1 ≥ 0, ζ6 ≤ 0 hence
−2N ≤ deg ≤ 0 (5.85)
in agreement with the range of slopes in the collection C∨.
In the attractor chamber, we have ζ⋆2 = −ζ⋆5 ≤ 0 and ζ⋆3 = ζ⋆4 = −12(ζ⋆5 + ζ⋆1 ). If ζ⋆3 ≤ 0,
then the attractor chamber corresponds to Φ35 = Φ45 = Φ36 = Φ46 = 0, with dimension
d′
C
= 1−
∑
i
N2i + 2N1N2 + (N1 +N2)(N3 +N4)− (N3 +N4)(N5 +N6) + 2N1(N5 +N6)
(5.86)
If instead ζ⋆3 ≥ 0, the attractor chamber corresponds to Φ13 = Φ14 = Φ23 = Φ24 = 0 with
dimension
d′′
C
= 1−
∑
i
N2i + 2N1N2 − (N1 +N2)(N3 +N4) + (N3 +N4)(N5 +N6) + 2N1(N5 +N6)
(5.87)
Since
dC− d′C = 2(N5 +N6)ζ⋆5 > 0 , dC − d′′C = −2(N1ζ⋆1 +N2ζ⋆2 ) > 0 , d′C − d′′C = 2(N3 +N4)ζ⋆3
(5.88)
it follows that d∗
C
= min(dC, d
′
C
, d′′
C
). The sum
d′
C
+ d′′
C
− 2 = −[2(N1 −N2)2 + (N5 −N3)2 + (N5 −N4)2
+ (N6 −N3)2 + (N6 −N4)2
]− 2(N5 +N6)ζ⋆5 (5.89)
is manifestly negative, unless N1 = N2, N3 = N4 = N5 = N6 and ζ
⋆
5 = 0. In that case all Ni’s
have to coincide, corresponding to a pure D0-brane with expected dimension dC = 1. Thus
we conclude that ~N corresponds to a simple representation or a pure D0-brane.
After left-mutation on the node 4 and exchanging the nodes 4 and 6, we get the model II
above. After left-mutation on the node 2 and applying the permutation 142356 to the nodes,
we get the model IV below.
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5.3.4 Model IV
We finally consider the three-block exceptional collection from [56], also studied in [74, §3.1]
(O, O(H), O(2H − C1 − C2 − C3), O(2H − C2 − C3) ,O(2H − C1 − C3) ,O(2H − C1 − C2))
(5.90)
The Chern vectors of the projective and simple representations are
γ1 = [1, (0, 0, 0, 0) , 0]
γ2 =
[
1, (1, 0, 0, 0) , 1
2
]
γ3 =
[
1, (2,−1,−1,−1) , 1
2
]
γ4 = [1, (2, 0,−1,−1) , 1]
γ5 = [1, (2,−1, 0,−1) , 1]
γ6 = [1, (2,−1,−1, 0) , 1]
γ1 = [1, (0, 0, 0, 0), 0]
γ2 =
[−2, (1, 0, 0, 0), 1
2
]
γ3 =
[−2, (2,−1,−1,−1), 1
2
]
γ4 = [1, (−1, 1, 0, 0), 0]
γ5 = [1, (−1, 0, 1, 0), 0]
γ6 = [1, (−1, 0, 0, 1), 0]
(5.91)
with slope 0, 3, 4 and 0,−3/2,−2. The Euler matrix has a three-block form
S =
 1 3 40 12 1
0 0 13
 , S∨ =
 1 −3 20 12 −1
0 0 13
 , κ =
 0 3 −2−3 02 1
2 −1 03
 (5.92)
corresponding to the quiver
2
4
56
1 3
The superpotential was obtained in [110],
W =Φ11,2Φ2,4Φ
1
4,1 − Φ21,2Φ2,4Φ24,1 + Φ31,2Φ2,5Φ15,1 − Φ11,2Φ2,5Φ25,1 − Φ31,2Φ2,6Φ26,1 + Φ21,2Φ2,6Φ16,1
+ Φ11,3Φ3,4Φ
2
4,1 − Φ21,3Φ3,4Φ14,1 + Φ31,3Φ3,5Φ25,1 − Φ11,3Φ3,5Φ15,1 + Φ21,3Φ3,6Φ26,1 − Φ31,3Φ3,6Φ16,1
A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 =
1
2
(c1,1 + c1,2 + c1,3 + 3c1,H) + ch2 +N,
n2 =
1
2
(c1,1 + c1,2 + c1,3 + c1,H) + ch2,
n3 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,H) + ch2,
n4 =
1
2
(c1,1 − c1,2 − c1,3 − c1,H) + ch2,
n5 =
1
2
(−c1,1 + c1,2 − c1,3 − c1,H) + ch2,
n6 =
1
2
(−c1,1 − c1,2 + c1,3 − c1,H) + ch2 (5.93)
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or conversely
N = n1 − 2n2 − 2n3 + n4 + n5 + n6, ch2 = n2 + n3
2
(5.94)
c1,H = n2 + 2n3 − n4 − n5 − n6, c1,1 = n4 − n3, c1,2 = n5 − n3, c1,3 = n6 − n3
As usual we set ~N = −~n. The total dimensions for the three blocks are then
N1 = −1
2
deg−ch2 −N , N2 = −2ch2 , N3 = 1
2
deg−3ch2
N = −6ch2 −N (5.95)
while the degree is
deg = 3c1,H +
∑
i
c1,i = −3N2 − 3N3 + 2N4 + 2N5 + 2N6 (5.96)
The stability parameters ~ζ = ~ζc in (2.56) for J ∝ c1(S) are
ζ1 = −ρ deg+ch2
ζ2,3 = ρ(2 deg+3N)− 2ch2 − N
2
ζ4,5,6 = −ρ(deg +2N) + ch2 (5.97)
The dimension agrees with (2.1) in the chamber where Φ14 = Φ15 = Φ16 = 0. This requires
ζ1 ≥ 0, ζ4,5,6 ≤ 0 hence
−2N ≤ deg ≤ 0 , (5.98)
in agreement with the range of slopes of the stable objects. The vanishing of the attractor
indices can be shown using strategy c) in §B. Computing the attractor index using the
Coulomb branch formula (2.62), we find evidence that single-centered invariants also vanish.
For γ = [1; 0, 0, 0, 0; 1] we get from the Reineke formula (since the resulting quiver has no
loops) the expected result in the canonical chamber
Ω(0, 1, 1, 1, 1, 1, ~ζc) = y2 + 4 + 1/y2 . (5.99)
The same result is expected to hold for any J ′ with J ′ · c1(S) > 0.
In the blow-up chamber J ′ ∝ Hǫ, one should instead use
~ζH = (−c1,H , 2c1,H +N, 2c1,H + 2N,−c1,H −N,−c1,H −N,−c1,H −N) + ǫ~ζc , (5.100)
which is consistent with ζ1 ≥ 0, ζ4,5,6 ≤ 0 provided −N ≤ c1,H ≤ 0. From the flow tree
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formula we get
[N ; c1; c2] ~N Ω( ~N, ~ζ
H)
[2;−1, 0, 0, 0; 1] (0, 1, 0, 0, 0, 0, 0) 1
[2;−1, 1, 0, 0; 1] (0, 1, 1, 0, 1, 1) −y − 1/y
[2;−1, 1, 1, 0; 1] (0, 1, 2, 1, 1, 2) y2 + 2 + 1/y2
[2; 0,−1, 0, 0; 1] (0, 2, 1, 2, 1, 1) y2 + 3 + 1/y2
[2; 0,−1,−1,−1; 0] (1, 3, 0, 1, 1, 1) 1
[2;−2, 1, 1, 1; 1] (0, 0, 1, 0, 0, 0) 1
[2;−2, 1, 1, 1; 2] (1, 1, 2, 1, 1, 1) y4 + 5y2 + 12 + . . .
[2;−2, 1, 1, 0; 0] (1, 1, 1, 0, 0, 1) −y3 − 3y − . . .
[3;−3, 1, 1, 1; 4] (1, 1, 1, 0, 0, 0) y4 + 2y2 + 3 + . . .
[3;−3, 2, 1, 1; 3] (1, 1, 2, 0, 1, 1) y4 + 4y2 + 8 + . . .
in agreement with the analysis in §A.3.
After right-mutation on the node 4 and applying the permutation 134256, on the nodes,
we get the model III above.
5.4 dP4
The fourth del Pezzo surface is no longer toric, but it admits a three-block strong exceptional
collection constructed in [56], and further studied in [74, §3.2],
C = (O, F, O(H), O(2H − C2 − C3 − C4), O(2H − C1 − C3 − C4),
O(2H − C1 − C2 − C4), O(2H − C1 − C2 − C3))
(5.101)
where F is a rank 2 bundle with Chern character [2, (3,−1,−1,−1,−1), 1/2], defined by the
short exact sequence
0→ O(2H − C1 − C2 − C3 − C4)→ F → O(H)→ 0 (5.102)
The Chern vectors of the objects Ei and dual objects Ei are
γ1 = [1, (0, 0, 0, 0, 0) , 0]
γ2 =
[
2, (3,−1,−1,−1,−1) , 1
2
]
γ3 =
[
1, (1, 0, 0, 0, 0) , 1
2
]
γ4 =
[
1, (2, 0,−1,−1,−1) , 1
2
]
γ5 =
[
1, (2,−1, 0,−1,−1) , 1
2
]
γ6 =
[
1, (2,−1,−1, 0,−1) , 1
2
]
γ7 =
[
1, (2,−1,−1,−1, 0) , 1
2
]
γ1 = [1, (0, 0, 0, 0, 0) , 0]
γ2 =
[−3, (3,−1,−1,−1,−1) , 1
2
]
γ3 = [1, (−2, 1, 1, 1, 1) , 0]
γ4 = [1, (−1, 1, 0, 0, 0) , 0]
γ5 = [1, (−1, 0, 1, 0, 0) , 0]
γ6 = [1, (−1, 0, 0, 1, 0) , 0]
γ7 = [1, (−1, 0, 0, 0, 1) , 0]
(5.103)
with slope 0, 5/2, 3 and 0,−5/3,−2, respectively. The Euler form has the three-block structure
S =
 1 5 30 1 1
0 0 15
 , S∨ =
 1 −5 20 1 −1
0 0 15
 , κ =
 0 5 −2−5 0 1
2 −1 05
 (5.104)
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A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + 3c1,H) + ch2 +N,
n2 = 2ch2,
n3 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + c1,H) + ch2
n4 =
1
2
(c1,1 − c1,2 − c1,3 − c1,4 − c1,H) + ch2
n5 =
1
2
(−c1,1 + c1,2 − c1,3 − c1,4 − c1,H) + ch2
n6 =
1
2
(−c1,1 − c1,2 + c1,3 − c1,4 − c1,H) + ch2
n7 =
1
2
(−c1,1 − c1,2 − c1,3 + c1,4 − c1,H) + ch2 (5.105)
or conversely
N = n1 − 3n2 + n3 + n4 + n5 + n6 + n7, ch2 = n2
2
c1,H = 3n2 − 2n3 − n4 − n5 − n6 − n7, c1,1 = −n2 + n3 + n4,
c1,2 = −n2 + n3 + n5, c1,3 = −n2 + n3 + n6, c1,4 = −n2 + n3 + n7, (5.106)
The relevant dimension vector is then Ni = −ni. The total dimensions for the three blocks
and the degree are then
N1 = −1
2
deg−ch2 −N , N2 = −2ch2 , N3 = 1
2
deg−5ch2
deg = 3c1,H +
∑
i
c1,i = −5N2 + 2N3 + 2N4 + 2N5 + 2N6 + 2N7 (5.107)
The stability parameters ~ζ = ~ζc in (2.56) for J ∝ c1(S) are
ζ1 = −ρ deg+ch2 , ζ2 = ρ(3 deg+5N)− 3ch2 − N
2
, ζ3,4,5,6,7 = −ρ(deg +2N) + ch2
(5.108)
The dimension agrees with (2.1) in the chamber where Φ13 = Φ14 = Φ15 = Φ16 = Φ17 = 0.
This requires ζ1 ≥ 0, ζ3,4,5,6,7 ≤ 0 hence
−2N ≤ deg ≤ 0 (5.109)
in agreement with the range of slopes of the stable objects. The vanishing of the attractor
indices can be shown using strategy c) in §B. Computing the attractor index using the
Coulomb branch formula (2.62), we find evidence that single-centered invariants also vanish.
For γ = [1; 0, 0, 0, 0, 0; 1] we get from the Reineke formula (since the resulting quiver has
no loops) the expected result
Ω(0, 2, 1, 1, 1, 1, 1) = y2 + 5 + 1/y2 (5.110)
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In the blow-up chamber J ′ ∝ Hǫ, one should instead use
~ζH = (−c1,H , 3c1,H+3N,−c1,H−2N,−c1,H−N,−c1,H−N,−c1,H−N,−c1,H−N)+ǫ~ζc (5.111)
so that
∑
i n
′
iζi = Nc
′
1,H − N ′c1,H . This is consistent with ζ1 ≥ 0, ζ3,4,5,6,7 ≤ 0 provided
−N ≤ c1,H ≤ 0. From the flow tree formula we get
[N ; c1; c2] ~N Ω( ~N, ~ζ
H)
[2;−1, 0, 0, 0, 0; 1] (0, 1, 1, 0, 0, 0, 0) 1
[2;−1, 1, 0, 0, 0; 1] (0, 2, 1, 0, 1, 1, 1) −y − 1/y
[2;−1, 1, 1, 0, 0; 1] (0, 3, 1, 1, 1, 2, 2) y2 + 2 + 1/y2
[2;−2, 1, 1, 1, 0; 1] (0, 1, 0, 0, 0, 0, 1) 1
[2;−2, 1, 1, 1, 1; 1] (0, 2, 0, 1, 1, 1, 1) −y − 1/y
[2;−2, 1, 1, 0, 0; 2] (1, 2, 1, 0, 0, 1, 1) −y3 − 4y − . . .
[3;−2, 0, 0, 0, 0; 3] (1, 2, 2, 0, 0, 0, 0) y2 + 1 + 1/y2
[3;−3, 1, 1, 1, 0; 4] (1, 2, 1, 0, 0, 0, 1) y4 + 3y2 + 4 + . . .
in agreement with the analysis in §A.3.
5.5 dP5
We consider the three-block strong exceptional collection from [56], also studied in [74, §3.3]
C = (O(C4), O(C5), O(H), O(2H − C1 − C2 − C3), O(3H − C1 − C2 − C3 − C4),
O(2H − C1 − C2), O(2H − C2 − C3), O(2H − C1 − C3)) .
(5.112)
The Chern vectors of the objects Ei and dual objects Ei are
γ1 =
[
1, (0, 0, 0, 0, 1, 0) ,−1
2
]
γ2 =
[
1, (0, 0, 0, 0, 0, 1) ,−1
2
]
γ3 =
[
1, (1, 0, 0, 0, 0, 0) , 1
2
]
γ4 =
[
1, (2,−1,−1,−1, 0, 0) , 1
2
]
γ5 = [1, (3,−1,−1,−1,−1,−1) , 2]
γ6 = [1, (2,−1,−1, 0, 0, 0) , 1]
γ7 = [1, (2, 0,−1,−1, 0, 0) , 1]
γ8 = [1, (2,−1, 0,−1, 0, 0) , 1]
γ1 =
[
1, (0, 0, 0, 0, 1, 0) ,−1
2
]
γ2 =
[
1, (0, 0, 0, 0, 0, 1) ,−1
2
]
γ3 =
[−3, (1, 0, 0, 0,−2,−2) , 5
2
]
γ4 =
[−3, (2,−1,−1,−1,−2,−2) , 5
2
]
γ5 = [1, (0, 0, 0, 0, 0, 0) , 0]
γ6 = [1, (−1, 0, 0, 1, 1, 1) ,−1]
γ7 = [1, (−1, 1, 0, 0, 1, 1) ,−1]
γ8 = [1, (−1, 0, 1, 0, 1, 1) ,−1]
(5.113)
with slope 1, 3, 4 and 1, 1/3, 0, respectively. The Euler matrix has a three-block structure
S =
 12 2 30 12 1
0 0 14
 , S∨ =
 12 −2 10 12 −1
0 0 14
 , κ =
 02 2 −1−2 02 1
1 −1 04
 (5.114)
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Note that the superpotential may in principle depend on the complex structure of dP5. A
general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 =
1
2
(c1,1 + c1,2 + c1,3 + 3c1,4 + c1,5 + 3c1,H) + ch2
n2 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + 3c1,5 + 3c1,H) + ch2
n3 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,H) + ch2
n4 =
1
2
(−c1,1 − c1,2 − c1,3 + c1,4 + c1,5 − c1,H) + ch2
n5 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 − c1,5 − 3c1,H) + ch2 +N
n6 =
1
2
(−c1,1 − c1,2 + c1,3 + c1,4 + c1,5 − c1,H) + ch2
n7 =
1
2
(c1,1 − c1,2 − c1,3 + c1,4 + c1,5 − c1,H) + ch2
n8 =
1
2
(−c1,1 + c1,2 − c1,3 + c1,4 + c1,5 − c1,H) + ch2 (5.115)
or conversely
N = n1 + n2 − 3n3 − 3n4 + n5 + n6 + n7 + n8,
c1,H − n3 + 2n4 − n6 − n7 − n8, c1,1 = n7 − n4, c1,2 = n8 − n4, c1,3 = n6 − n4
c1,4 = n1 − 2n3 − 2n4 + n6 + n7 + n8, c1,5 = n2 − 2n3 − 2n4 + n6 + n7 + n8
ch2 =
1
2
(5n3 + 5n4 − n1 − n2)− n6 − n7 − n8 (5.116)
As usual we set ~N = −~n. The total dimensions for the three blocks and degree are then
N1 = −c1,1 − c1,2 − c1,3 − 2c1,4 − 2c1,5 − 3c1,H − 2ch2
N2 = −c1,4 − c1,5 − 2ch2
N3 = c1,1 + c1,2 + c1,3 − c1,4 − c1,5 + 3c1,H − 4ch2 −N
deg = 3c1,H +
∑
i
c1,i = −N1 −N2 +N3 +N4 (5.117)
The stability parameters ~ζ = ~ζc in (2.56) for J ∝ c1(S) are
ζ1,2 = −ρ(deg−N) + ch2 + N
2
ζ3,4 = ρ(3 deg−N) − 3ch2 − 5N
2
ζ5 = −ρ deg+ch2 , ζ6,7,8 = −ρ deg+ch2 +N (5.118)
The dimension agrees with (2.1) in the chamber where Φij = 0 with i = 5, 6, 7, 8 and j = 1, 2.
This requires ζ1,2 ≥ 0, ζ5,6,7,8 ≤ 0 hence
0 ≤ deg ≤ N (5.119)
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in agreement with the range of slopes of the stable objects. The vanishing of the attractor
indices can be shown using strategy c) in §B. Computing the attractor index using the
Coulomb branch formula (2.62), we find evidence that single-centered invariants also vanish.
For γ = [1; 0, 0, 0, 0, 0, 0; 1] in the canonical chamber, we get from the flow tree formula
the expected result
Ω(1, 1, 1, 1, 0, 1, 1, 1, ~ζc) = y2 + 6 + 1/y2 . (5.120)
The same result is expected for any polarization such that J ′ · c1(S) > 0.
In the blow-up chamber J ′ ∝ Hǫ, one should instead use
~ζH = (−c1,H ,−c1,H , 3c1,H +N, 3c1,H + 2N,−c1,H ,−c1,H −N,−c1,H −N,−c1,H −N) + ǫ~ζc
(5.121)
This is consistent with ζ1,2 ≥ 0, ζ5,6,7,8 ≤ 0 only when c1,H = 0. From the flow tree formula
we get
[N ; c1; c2] ~N Ω( ~N, ~ζ
H)
[2; 0, 0, 0, 0, 0, 1; 1] (1, 0, 1, 1, 0, 1, 1, 1) y2 + 5 + 1/y2
[2; 0, 0, 0, 0, 1, 1; 1] (0, 0, 1, 1, 1, 1, 1, 1) −y3 − 5y − . . .
[2; 0,−1, 0, 0, 1, 1; 0] (0, 0, 1, 0, 0, 0, 1, 0) 1
[2; 0,−1,−1, 0, 1, 1; 0] (1, 1, 2, 0, 0, 0, 1, 1) −y − 1/y
[3; 0, 0, 0, 0, 1, 1; 1] (0, 0, 1, 1, 0, 1, 1, 1) y2 + 4 + 1/y2
in agreement with the analysis in §A.3.
After mutating with respect to nodes 5 and 8, in that order, and applying the cyclic
permutation (2, 6, 5, 4, 3, 7, 8) (or one of its images under the dihedral group D8, which is a
symmetry of the resulting quiver) one obtains the same quiver as in [107, (5.5)].
5.6 dP6
5.6.1 Three-block collection (6.1) of type (1, 1, 1)
We consider the three-block exceptional collection (6.1) from [56] (also studied in [74, §3.4])
C =(O(C4), O(C5), O(C6),O(H − C1), O(H − C2), O(H − C3),
O(3H − C1 − C2 − C3 − C4 − C5 − C6), O(H), O(2H − C1 − C2 − C3))
(5.122)
The Chern vectors of the objects Ei and dual objects Ei are
γ1 =
[
1, (0, 0, 0, 0, 1, 0, 0) ,−1
2
]
γ2 =
[
1, (0, 0, 0, 0, 0, 1, 0) ,−1
2
]
γ3 =
[
1, (0, 0, 0, 0, 0, 0, 1) ,−1
2
]
γ4 = [1, (1,−1, 0, 0, 0, 0, 0) , 0]
γ5 = [1, (1, 0,−1, 0, 0, 0, 0) , 0]
γ6 = [1, (1, 0, 0,−1, 0, 0, 0) , 0]
γ7 =
[
1, (3,−1,−1,−1,−1,−1,−1) , 3
2
]
γ8 =
[
1, (1, 0, 0, 0, 0, 0, 0) , 1
2
]
γ9 =
[
1, (2,−1,−1,−1, 0, 0, 0) , 1
2
]
γ1 =
[
1, (0, 0, 0, 0, 1, 0, 0) ,−1
2
]
γ2 =
[
1, (0, 0, 0, 0, 0, 1, 0) ,−1
2
]
γ3 =
[
1, (0, 0, 0, 0, 0, 0, 1) ,−1
2
]
γ4 =
[−2, (1,−1, 0, 0,−1,−1,−1) , 3
2
]
γ5 =
[−2, (1, 0,−1, 0,−1,−1,−1) , 3
2
]
γ6 =
[−2, (1, 0, 0,−1,−1,−1,−1) , 3
2
]
γ7 = [1, (0, 0, 0, 0, 0, 0, 0) , 0]
γ8 = [1, (−2, 1, 1, 1, 1, 1, 1) ,−1]
γ9 = [1, (−1, 0, 0, 0, 1, 1, 1) ,−1]
(5.123)
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with slope 1, 2, 3 and 1, 1/2, 0, The Euler matrix has a three-block form
S =
 13 1 20 13 1
0 0 13
 , S∨ =
 13 −1 10 13 −1
0 0 13
 , κ =
 03 1 −1−1 03 1
1 −1 03
 (5.124)
A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 =
1
2
(c1,1 + c1,2 + c1,3 + 3c1,4 + c1,5 + c1,6 + 3c1,H) + ch2
n2 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + 3c1,5 + c1,6 + 3c1,H) + ch2
n3 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + 3c1,6 + 3c1,H) + ch2
n4 =
1
2
(−c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,H) + ch2
n5 =
1
2
(c1,1 − c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,H) + ch2
n6 =
1
2
(c1,1 + c1,2 − c1,3 + c1,4 + c1,5 + c1,6 + c1,H) + ch2
n7 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 − c1,5 − c1,6 − 3c1,H) + ch2 +N
n8 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,H) + ch2
n9 =
1
2
(−c1,1 − c1,2 − c1,3 + c1,4 + c1,5 + c1,6 − c1,H) + ch2 (5.125)
or conversely
N = n1 + n2 + n3 − 2n4 − 2n5 − 2n6 + n7 + n8 + n9
c1,H = n4 + n5 + n6 − 2n8 − n9
c1,1 = n8 − n4 , c1,2 = n8 − n5 , c1,3 = n8 − n6
c1,4 = n1 − n4 − n5 − n6 + n8 + n9
c1,5 = n2 − n4 − n5 − n6 + n8 + n9
c1,6 = n3 − n4 − n5 − n6 + n8 + n9
ch2 =
1
2
(3n4 + 3n5 + 3n6 − n1 − n2 − n3)− n8 − n9 (5.126)
As usual we set ~N = −~n. The total dimensions for the three blocks and degree are then
N1 = 1
2
(−3c1,1 − 3c1,2 − 3c1,3 − 5c1,4 − 5c1,5 − 5c1,6 − 9c1,H)− 3ch2
N2 = 1
2
(−c1,1 − c1,2 − c1,3 − 3c1,4 − 3c1,5 − 3c1,6 − 3c1,H)− 3ch2
N3 = 1
2
(c1,1 + c1,2 + c1,3 − c1,4 − c1,5 − c1,6 + 3c1,H)− 3ch2 −N
deg = 3c1,H +
∑
i
c1,i = −N1 −N2 −N3 +N4 +N5 +N6 (5.127)
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The stability parameters ~ζ = ~ζc in (2.56) for J ∝ c1(S) are
ζ1,2,3 = −ρ (deg−N) + ch2 + 1
2
N , ζ4,5,6 = ρ (2 deg−N)− 2ch2 − 3
2
N
ζ7 = −ρ deg +ch2 ζ8,9 = −ρ deg+ch2 +N (5.128)
The dimension agrees with (2.1) in the chamber where Φij = 0 where i = 1, 2, 3 and j = 7, 8, 9.
This requires ζ1,2,3 ≥ 0, ζ7,8,9 ≤ 0 hence
0 ≤ deg ≤ N (5.129)
in agreement with the range of slopes of the stable objects. The vanishing of the attractor
indices can be shown using strategy a) in §B. Applying the Coulomb branch formula in the
attractor chamber, we find evidence that single-centered invariants also vanish, under the
same conditions on ~N .
For γ = [1; 0, 0, 0, 0, 0, 0, 0; 1] in the canonical chamber we get from the flow tree formula
the expected result
Ω(1, 1, 1, 1, 1, 1, 0, 1, 1, ~ζc) = y2 + 7 + 1/y2 (5.130)
The same result is expected for any polarization such that J ′ · c1(S) > 0.
In the blow-up chamber J ′ ∝ Hǫ, one should instead use
~ζH = (−c1,H ,−c1,H ,−c1,H , 2c1,H+N, 2c1,H+N, 2c1,H+N,−c1,H ,−c1,H−2N,−c1,H−N)+ǫ~ζc
(5.131)
This is consistent with ζ1,2,3 ≥ 0, ζ7,8,9 ≤ 0 only for c1,H = 0. From the flow tree formula we
get
[N ; c1; c2] ~N Ω( ~N, ~ζ
H)
[2; 0,−1, 0, 0, 1, 1, 1; 0] (0, 0, 0, 0, 1, 1, 1, 1, 0) −y − 1/y
[2; 0, 0, 0, 0, 0, 1; 1] (1, 1, 0, 1, 1, 1, 0, 1, 1) y2 + 6 + 1/y2
[2; 0, 0, 0, 1, 0, 1; 1] (0, 1, 0, 1, 1, 1, 1, 1, 1) −y3 − 6y − . . .
[3; 0, 0, 0, 0, 1, 1, 0; 1] (0, 0, 1, 1, 1, 1, 0, 1, 1) y2 + 5 + 1/y2
[3; 0,−1, 0, 1, 1, 1, 1; 0] (0, 0, 0, 0, 1, 2, 1, 1, 1) y2 + 2 + 1/y2
[3; 0, 0, 0, 0, 1, 1, 1; 1] (0, 0, 0, 1, 1, 1, 1, 1, 1) y4 + 5y2 + 6 + . . .
in agreement with the analysis in §A.3.
It is worth noting that the quiver is symmetric under independent permutations of the
nodes (123), (456), (789), and (for example) under the circular permutation (147258369). The
resulting group has order 648, and is a subgroup of index 80 inside the Weyl group of E6.
5.6.2 Three-block collection (6.2) of type (2, 1, 1)
The second strong exceptional collection (6.2) from [56] is no longer made of invertible sheaves,
but involves a rank two sheaf E1. The Chern vectors of the objects Ei and dual objects Ei
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are
γ1 =
[
2, (1, 0, 0, 0, 0, 0, 0) ,−1
2
]
γ2 =
[
1, (1, 0, 0, 0, 0, 0, 0) , 1
2
]
γ3 =
[
1, (3,−1,−1,−1,−1,−1,−1) , 3
2
]
γ4 = [1, (3, 0,−1,−1,−1,−1,−1) , 2]
γ5 = [1, (3,−1, 0,−1,−1,−1,−1) , 2]
γ6 = [1, (3,−1,−1, 0,−1,−1,−1) , 2]
γ7 = [1, (3,−1,−1,−1, 0,−1,−1) , 2]
γ8 = [1, (3,−1,−1,−1,−1, 0,−1) , 2]
γ9 = [1, (3,−1,−1,−1,−1,−1, 0) , 2]
γ1 =
[
2, (1, 0, 0, 0, 0, 0, 0) ,−1
2
]
γ2 = [−5, (−2, 0, 0, 0, 0, 0, 0) , 2]
γ3 = [−5, (0,−1,−1,−1,−1,−1,−1) , 3]
γ4 =
[
1, (0, 1, 0, 0, 0, 0, 0) ,−1
2
]
γ5 =
[
1, (0, 0, 1, 0, 0, 0, 0) ,−1
2
]
γ6 =
[
1, (0, 0, 0, 1, 0, 0, 0) ,−1
2
]
γ7 =
[
1, (0, 0, 0, 0, 1, 0, 0) ,−1
2
]
γ8 =
[
1, (0, 0, 0, 0, 0, 1, 0) ,−1
2
]
γ9 =
[
1, (0, 0, 0, 0, 0, 0, 1) ,−1
2
]
(5.132)
with slope 3/2, 3, 4 and 3/2, 6/5, 1, respectively. The Euler matrix has a three-block structure,
S =
 1 3 50 12 1
0 0 16
 , S∨ =
 1 −3 10 12 −1
0 0 16
 , κ =
 0 3 −1−3 02 1
1 −1 06
 (5.133)
A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 = c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + 2c1,H + 2ch2
n2 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,H) + ch2
n3 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 − c1,5 − c1,6 − 3c1,H) + ch2 +N
n4 =
1
2
(c1,1 − c1,2 − c1,3 − c1,4 − c1,5 − c1,6 − 3c1,H) + ch2 +N
n5 =
1
2
(−c1,1 + c1,2 − c1,3 − c1,4 − c1,5 − c1,6 − 3c1,H) + ch2 +N
n6 =
1
2
(−c1,1 − c1,2 + c1,3 − c1,4 − c1,5 − c1,6 − 3c1,H) + ch2 +N
n7 =
1
2
(−c1,1 − c1,2 − c1,3 + c1,4 − c1,5 − c1,6 − 3c1,H) + ch2 +N
n8 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 + c1,5 − c1,6 − 3c1,H) + ch2 +N
n9 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 − c1,5 + c1,6 − 3c1,H) + ch2 +N (5.134)
or conversely
N = 2n1 − 5n2 − 5n3 + n4 + n5 + n6 + n7 + n8 + n9
c1,H = n1 − 2n2 , c1,1 = n4 − n3 , c1,2 = n5 − n3 , c1,3 = n6 − n3
c1,4 = n7 − n3 , c1,5 = n8 − n3 , c1,6 = n9 − n3
ch2 = −1
2
(n1 + n4 + n5 + n6 + n7 + n8 + n9) + 2n2 + 3n3 (5.135)
The relevant dimension vector is then Ni = −ni. The total dimensions for the three blocks
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and the degree are then
N1 = −c1,1 − c1,2 − c1,3 − c1,4 − c1,5 − c1,6 − 2c1,H − 2ch2
N2 = c1,H − 2ch2 −N
N3 = 2c1,1 + 2c1,2 + 2c1,3 + 2c1,4 + 2c1,5 + 2c1,6 + 9c1,H − 6ch2 − 6N
deg = 3c1,H +
∑
i
c1,i = −3N1 + 6N2 + 6N3 −N4 −N5 −N6 −N7 −N8 −N9 (5.136)
The stability parameters ~ζ = ~ζc in (2.56) for J ∝ c1(S) are
ζ1 = ρ (−2 deg+3N) + 2ch2 + 1
2
N , ζ4,5,6,7,8,9 = ρ (− deg+N) + ch2 + 1
2
N
ζ2 = ρ (5 deg−6N)− 5ch2 − 2N , ζ3 = ρ (5 deg−6N)− 5ch2 − 3N (5.137)
The dimension agrees with (2.1) in the chamber where Φ1j = 0 with j = 4, 5, 6, 7, 8, 9. This
requires ζ1 ≥ 0, ζ4,5,6,7,8,9 ≤ 0 hence
N ≤ deg ≤ 3
2
N (5.138)
in agreement with the range of slopes of stable objects.
The vanishing of the attractor indices can be shown using strategy c) in §B. Applying
the Coulomb branch formula in the attractor chamber, we find evidence that single-centered
invariants also vanish.
For γ = [1; 0, 1, 0, 0, 0, 0, 0; 1] in the canonical chamber we get from the flow tree formula
the expected result
Ω(1, 1, 1, 1, 1, 1, 0, 1, 1) = y2 + 7 + 1/y2 (5.139)
The same result is expected for any polarization such that J ′ · c1(S) > 0.
In the blow-up chamber J ′ ∝ Hǫ, one should instead use
~ζH = (−2c1,H +N, 5c1,H − 2N, 5c1,H ,−c1,H ,−c1,H ,−c1,H ,−c1,H ,−c1,H ,−c1,H) + ǫ~ζc (5.140)
This is consistent with ζ1 ≥ 0, ζ4,5,6,7,8,9 ≤ 0 for 0 ≤ c1,H ≤ N/2. From the flow tree formula
we get
[N ; c1; c2] ~N Ω( ~N, ~ζ
H)
[2; 1,−1, 0, 0, 0, 0, 0; 1] (1, 1, 0, 1, 0, 0, 0, 0, 0) −y − 1/y
[3; 1, 0, 0, 0, 0, 0, 0; 2] (1, 1, 0, 0, 0, 0, 0, 0, 0) y2 + 1 + 1/y2
[3; 0, 1, 1, 1, 1, 0,−1; 0] (2, 1, 1, 0, 0, 0, 0, 1, 2) y2 + 1 + 1/y2
in agreement with the analysis in §A.3.
Note that the automorphism group of the quiver is Z2×S6, corresponding to independent
permutations of (23) and (456789). It is a subgroup of order 1440 and index 36 inside the
Weyl group of E6.
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5.7 dP7
The authors of [56] provide three distinct three-block exceptional collections on dP7. As noted
in [74], the quivers for the collections (7.2), (7.3) can be obtained from the one for (8.2) by
applying a sequence of Seiberg dualities and permutations of the nodes,18
• (7.2) ≃ SD[(7.1), {3, 4, 5, 6, 2}, Id]
• (7.3) ≃ SD[(7.2), {3, 4, 5, 1, 2}, (1, 3, 4, 5, 2, 6, 7, 8, 9, 10)]
This does not imply however that the sheaves are obtained in this manner.
5.7.1 Three-block collection (7.1) of type (2, 2, 1)
The first three-block exceptional collection (7.1) from [56] involves two rank-two sheaves E1
and E2. The Chern vectors of the projective and simple representations are
γ1 =
[
2, (−2, 1, 1, 1, 1, 1, 1, 1) ,−3
2
]
γ2 =
[
2, (−1, 0, 0, 0, 1, 1, 1, 1) ,−3
2
]
γ3 =
[
1, (0, 0, 0, 0, 1, 0, 0, 0) ,−1
2
]
γ4 =
[
1, (0, 0, 0, 0, 0, 1, 0, 0) ,−1
2
]
γ5 =
[
1, (0, 0, 0, 0, 0, 0, 1, 0) ,−1
2
]
γ6 =
[
1, (0, 0, 0, 0, 0, 0, 0, 1) ,−1
2
]
γ7 = [1, (3,−1,−1,−1,−1,−1,−1,−1) , 1]
γ8 = [1, (1,−1, 0, 0, 0, 0, 0, 0) , 0]
γ9 = [1, (1, 0,−1, 0, 0, 0, 0, 0) , 0]
γ10 = [1, (1, 0, 0,−1, 0, 0, 0, 0) , 0]
γ1 =
[
2, (−2, 1, 1, 1, 1, 1, 1, 1) ,−3
2
]
γ2 =
[−6, (9,−4,−4,−4,−4,−4,−4,−4) , 11
2
]
γ3 = [1, (0, 0, 0, 0, 0, 0, 0, 0) , 0]
γ4 = [1, (−2, 0, 1, 1, 1, 1, 1, 1) ,−1]
γ5 = [1, (−2, 1, 0, 1, 1, 1, 1, 1) ,−1]
γ6 = [1, (−2, 1, 1, 0, 1, 1, 1, 1) ,−1]
γ7 = [1, (−2, 1, 1, 1, 0, 1, 1, 1) ,−1]
γ8 = [1, (−2, 1, 1, 1, 1, 0, 1, 1) ,−1]
γ9 = [1, (−2, 1, 1, 1, 1, 1, 0, 1) ,−1]
γ10 = [1, (−2, 1, 1, 1, 1, 1, 1, 0) ,−1]
(5.141)
with slopes 1/2, 3/2, 2 and 1/2, 1/6, 0, respectively. The Euler matrix has three-block structure
S =
 1 4 30 1 1
0 0 18
 , S∨ =
 1 −4 10 1 −1
0 0 18
 , κ =
 0 4 −1−4 0 1
1 −1 08
 (5.142)
18We denote by SD[C, I, σ] the sequence of Seiberg dualities, starting from the quiver Q associated to the
collection C, dualizing successively with respect to each node in the list I, and applying the permutation σ
on the nodes of the final quiver.
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A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 = 2c1,1 + 2c1,2 + 2c1,3 + 2c1,4 + 2c1,5 + 2c1,6 + 2c1,7 + 5c1,H + 2ch2
n2 = c1,1 + c1,2 + c1,3 + 2c1,4 + 2c1,5 + 2c1,6 + 2c1,7 + 4c1,H + 2ch2
n3 =
1
2
(c1,1 + c1,2 + c1,3 + 3c1,4 + c1,5 + c1,6 + c1,7 + 3c1,H) + ch2
n4 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + 3c1,5 + c1,6 + c1,7 + 3c1,H) + ch2
n5 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + 3c1,6 + c1,7 + 3c1,H) + ch2
n6 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + 3c1,7 + 3c1,H) + ch2
n7 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 − c1,5 − c1,6 − c1,7 − 3c1,H) + ch2 +N
n8 =
1
2
(−c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,H) + ch2
n9 =
1
2
(c1,1 − c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,H) + 2ch2
n10 =
1
2
(c1,1 + c1,2 − c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,H) + 2ch2 (5.143)
or conversely
N = 2n1 + 2n2 − 3n3 − 3n4 − 3n5 − 3n6 + n7 + n8 + n9 + n10
c1,H = −2n1 − n2 + 3n3 + 3n4 + 3n5 + 3n6 − 2n8 − 2n9 − 2n10
c1,1 = n1 − n3 − n4 − n5 − n6 + n9 + n10
c1,2 = n1 − n3 − n4 − n5 − n6 + n8 + n10
c1,3 = n1 − n3 − n4 − n5 − n6 + n8 + n9
c1,4 = n1 + n2 − n3 − 2n4 − 2n5 − 2n6 + n8 + n9 + n10
c1,5 = n1 + n2 − 2n3 − n4 − 2n5 − 2n6 + n8 + n9 + n10
c1,6 = n1 + n2 − 2n3 − 2n4 − n5 − 2n6 + n8 + n9 + n10
c1,7 = n1 + n2 − 2n3 − 2n4 − 2n5 − n6 + n8 + n9 + n10
ch2 =
1
2
(−3n1 − 3n2 + 5n3 + 5n4 + 5n5 + 5n6)− n8 − n9 − n10 (5.144)
As usual, we take ~N = −~n. The total dimensions in each block are then
N1 = −2c1,1 − 2c1,2 − 2c1,3 − 2c1,4 − 2c1,5 − 2c1,6 − 2c1,7 − 5c1,H − 2ch2
N2 = −c1,1 − c1,2 − c1,3 − c1,4 − c1,5 − c1,6 − c1,7 − 2c1,H − 2ch2, (5.145)
N3 = −2c1,1 − 2c1,2 − 2c1,3 − 2c1,4 − 2c1,5 − 2c1,6 − 2c1,7 − 2c1,H − 8ch2 −N,
The stability parameters ~ζ = ~ζc in (2.56) for J ∝ c1(S) are
ζ1 = (N − 2 deg)ρ+ 2ch2 + 3N
2
ζ2 = (6 deg−N)ρ− 6ch2 − 11N
2
ζ3 = − deg ρ+ ch2 , ζ4,...,10 = − deg ρ+ ch2 +N (5.146)
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The dimension agrees with (2.1) in the chamber where Φi1 = 0 for i = 3, . . . 10. This requires
ζ1 ≥ 0, ζ3,4,5,6,7,8,9,10 ≤ 0 hence
0 ≤ deg < N
2
(5.147)
in agreement with the range of slopes of simple representations.
The vanishing of the attractor indices can be shown using strategy c) in §B. For γ =
[1;−1, 0, 0, 0, 0, 1, 1, 1; 0] in the canonical chamber we find from the flow tree formula
Ω(1, 1, 0, 0, 0, 0, 0, 1, 1, 1, ~ζc) = 1 (5.148)
as expected. For γ = [1; 0, 0, 0, 0, 0, 0, 0, 0; 1] one would expect Ω(2, 2, 0, 1, 1, 1, 1, 1, 1, 1, ~ζc) =
y2 + 8 + 1/y2 but the height of the dimension vector is too high to check this directly.
In the blow-up chamber, the stability parameters are instead
~ζH = (−2c1,H − 2N ; 6c1,H + 9N ;−c1,H ,−c1,H − 2N, . . . ,−c1,H − 2N) + ǫ~ζc (5.149)
This is never consistent with ζ1 ≥ 0, ζ3,...,10 unless N = c1,H = 0.
5.7.2 Three-block collection (7.2) of type (2, 1, 1)
The second strong exceptional collection (7.2) from [56] again involves two rank-two sheaves
E1 and E2. The Chern vectors of the projective and simple representations are
γ1 =
[
2, (−2, 1, 1, 1, 1, 1, 1, 1) ,−3
2
]
γ2 =
[
2, (−1, 0, 0, 0, 1, 1, 1, 1) ,−3
2
]
γ3 =
[
1, (0, 0, 0, 0, 1, 0, 0, 0) ,−1
2
]
γ4 =
[
1, (0, 0, 0, 0, 0, 1, 0, 0) ,−1
2
]
γ5 =
[
1, (0, 0, 0, 0, 0, 0, 1, 0) ,−1
2
]
γ6 =
[
1, (0, 0, 0, 0, 0, 0, 0, 1) ,−1
2
]
γ7 = [1, (3,−1,−1,−1,−1,−1,−1,−1) , 1]
γ8 = [1, (1,−1, 0, 0, 0, 0, 0, 0) , 0]
γ9 = [1, (1, 0,−1, 0, 0, 0, 0, 0) , 0]
γ10 = [1, (1, 0, 0,−1, 0, 0, 0, 0) , 0]
γ1 =
[
2, (−2, 1, 1, 1, 1, 1, 1, 1) ,−3
2
]
γ2 =
[
2, (−1, 0, 0, 0, 1, 1, 1, 1) ,−3
2
]
γ3 =
[−3, (3,−1,−1,−1,−1,−2,−2,−2) , 5
2
]
γ4 =
[−3, (3,−1,−1,−1,−2,−1,−2,−2) , 5
2
]
γ5 =
[−3, (3,−1,−1,−1,−2,−2,−1,−2) , 5
2
]
γ6 =
[−3, (3,−1,−1,−1,−2,−2,−2,−1) , 5
2
]
γ7 = [1, (0, 0, 0, 0, 0, 0, 0, 0) , 0]
γ8 = [1, (−2, 0, 1, 1, 1, 1, 1, 1) ,−1]
γ9 = [1, (−2, 1, 0, 1, 1, 1, 1, 1) ,−1]
γ10 = [1, (−2, 1, 1, 0, 1, 1, 1, 1) ,−1]
(5.150)
with slope 1/2, 1, 2 and 4/3, 6/5, 1, respectively. The Euler matrix has a three-block structure,
S =
 12 1 30 14 1
0 0 14
 , S∨ =
 12 −1 10 14 −1
0 0 14
 , κ =
 02 1 −1−1 04 1
1 −1 04
 (5.151)
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A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 = 2c1,1 + 2c1,2 + 2c1,3 + 2c1,4 + 2c1,5 + 2c1,6 + 2c1,7 + 5c1,H + 2ch2
n2 = c1,1 + c1,2 + c1,3 + 2c1,4 + 2c1,5 + 2c1,6 + 2c1,7 + 4c1,H + 2ch2
n3 =
1
2
(c1,1 + c1,2 + c1,3 + 3c1,4 + c1,5 + c1,6 + c1,7 + 3c1,H) + ch2
n4 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + 3c1,5 + c1,6 + c1,7 + 3c1,H) + ch2
n5 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + 3c1,6 + c1,7 + 3c1,H) + ch2
n6 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + 3c1,7 + 3c1,H) + ch2
n7 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 − c1,5 − c1,6 − c1,7 − 3c1,H) + ch2 +N
n8 =
1
2
(−c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,H) + ch2
n9 =
1
2
(c1,1 − c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,H) + ch2
n10 =
1
2
(c1,1 + c1,2 − c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,H) + ch2 (5.152)
or conversely
N = 2n1 + 2n2 − 3n3 − 3n4 − 3n5 − 3n6 + n7 + n8 + n9 + n10
c1,H = −2n1 − n2 + 3n3 + 3n4 + 3n5 + 3n6 − 2n8 − 2n9 − 2n10
c1,1 = n1 − n3 − n4 − n5 − n6 + n9 + n10
c1,2 = n1 − n3 − n4 − n5 − n6 + n8 + n10
c1,3 = n1 − n3 − n4 − n5 − n6 + n8 + n9
c1,4 = n1 + n2 − n3 − 2n4 − 2n5 − 2n6 + n8 + n9 + n10
c1,5 = n1 + n2 − 2n3 − n4 − 2n5 − 2n6 + n8 + n9 + n10
c1,6 = n1 + n2 − 2n3 − 2n4 − n5 − 2n6 + n8 + n9 + n10
c1,7 = n1 + n2 − 2n3 − 2n4 − 2n5 − n6 + n8 + n9 + n10
ch2 =
1
2
(5n4 + 5n5 + 5n6 − 3n1 − 3n2 + 5n3)− n8 − n9 − n10 (5.153)
A usual we set ~N = −~n. The total dimensions for the three blocks and degree are then
N1 = −3c1,1 − 3c1,2 − 3c1,3 − 4c1,4 − 4c1,5 − 4c1,6 − 4c1,7 − 9c1,H − 4ch2
N2 = −2c1,1 − 2c1,2 − 2c1,3 − 3c1,4 − 3c1,5 − 3c1,6 − 3c1,7 − 6c1,H − 4ch2,
N3 = −c1,4 − c1,5 − c1,6 − c1,7 − 4ch2 −N
deg = 3c1,H +
∑
i
c1,i = N4 +N5 +N6 −N1 −N2 +N3 (5.154)
The stability parameters ~ζ = ~ζc in (2.56) for J ∝ c1(S) are
ζ1,2 = −(2 deg−N)ρ + 2ch2 + 3
2
N , ζ3,4,5,6 = (3 deg−N)ρ − 3ch2 − 5
2
N
ζ7 = − deg ρ+ ch2 , ζ8,9,10 = − deg ρ+ ch2 +N (5.155)
– 71 –
The dimension agrees with (2.1) in the chamber where Φij = 0 for i = 1, 2 and j = 7, 8, 9, 10.
This requires ζ1,2 ≥ 0, ζ7,8,9,10 ≤ 0 hence
0 ≤ deg < N
2
(5.156)
in agreement with the range of slopes of simple representations.
The vanishing of the attractor indices can be shown using strategy b) in §B. For
γ = [1;−1, 0, 0, 0, 0, 1, 1, 1; 0] in the canonical chamber we find from the flow tree formula
Ω(1, 0, 1, 0, 0, 0, 0, 0, 0, 0, ~ζc) = 1 as expected. For γ = [1; 0, 0, 0, 0, 0, 0, 0, 0; 1] one would ex-
pect Ω(2, 2, 1, 1, 1, 1, 0, 1, 1, 1, ~ζc) = y2+8+1/y2 but the height of the dimension vector is too
high to check this directly.
In the blow-up chamber, the stability parameters are instead
~ζH =(−2c1,H − 2N,−2c1,H −N ; 3c1,H + 3N, 3c1,H + 3N, 3c1,H + 3N, 3c1,H + 3N ;
−c1,H ,−c1,H − 2N,−c1,H − 2N,−c1,H − 2N) + ǫ~ζc
(5.157)
This is never consistent with ζ1,2 ≥ 0, ζ5,...,10 ≤ 0 unless N = c1,H = 0.
5.7.3 Three-block collection (7.3) of type (3, 1, 1)
The third three-block strong exceptional collection (7.3) from [56] involves a rank three sheaf
E1. The Chern vectors of the projective and simple representations are
γ1 = [3, (0, 0, 0, 0, 1, 1, 1, 1) ,−2]
γ2 = [1, (1,−1, 0, 0, 0, 0, 0, 0) , 0]
γ3 = [1, (1, 0,−1, 0, 0, 0, 0, 0) , 0]
γ4 = [1, (1, 0, 0,−1, 0, 0, 0, 0) , 0]
γ5 =
[
1, (1, 0, 0, 0, 0, 0, 0, 0) , 1
2
]
γ6 =
[
1, (2,−1,−1,−1, 0, 0, 0, 0) , 1
2
]
γ7 =
[
1, (3,−1,−1,−1,−1,−1,−1, 0) , 3
2
]
γ8 =
[
1, (3,−1,−1,−1,−1,−1, 0,−1) , 3
2
]
γ9 =
[
1, (3,−1,−1,−1,−1, 0,−1,−1) , 3
2
]
γ10 =
[
1, (3,−1,−1,−1, 0,−1,−1,−1) , 3
2
]
γ1 = [3, (0, 0, 0, 0, 1, 1, 1, 1) ,−2]
γ2 = [−5, (1,−1, 0, 0,−2,−2,−2,−2) , 4]
γ3 = [−5, (1, 0,−1, 0,−2,−2,−2,−2) , 4]
γ4 = [−5, (1, 0, 0,−1,−2,−2,−2,−2) , 4]
γ5 =
[
1, (−2, 1, 1, 1, 1, 1, 1, 1) ,−3
2
]
γ6 =
[
1, (−1, 0, 0, 0, 1, 1, 1, 1) ,−3
2
]
γ7 =
[
1, (0, 0, 0, 0, 0, 0, 0, 1) ,−1
2
]
γ8 =
[
1, (0, 0, 0, 0, 0, 0, 1, 0) ,−1
2
]
γ9 =
[
1, (0, 0, 0, 0, 0, 1, 0, 0) ,−1
2
]
γ10 =
[
1, (0, 0, 0, 0, 1, 0, 0, 0) ,−1
2
]
(5.158)
with slopes 4/3, 2, and 4/3, 6/5, 1, respectively. The Euler matrix has a three-block form,
S =
 1 2 50 13 1
0 0 16
 , S∨ =
 1 −2 10 13 −1
0 0 16
 , κ =
 0 2 −1−2 03 1
1 −1 06
 (5.159)
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A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 =
1
2
(3c1,1 + 3c1,2 + 3c1,3 + 5c1,4 + 5c1,5 + 5c1,6 + 5c1,7 + 9c1,H) + 3ch2 −N
n2 =
1
2
(−c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,H) + 2ch2
n3 =
1
2
(c1,1 − c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,H) + ch2
n4 =
1
2
(c1,1 + c1,2 − c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,H) + ch2
n5 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,H) + ch2
n6 =
1
2
(−c1,1 − c1,2 − c1,3 + c1,4 + c1,5 + c1,6 + c1,7 − c1,H) + ch2
n7 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 − c1,5 − c1,6 + c1,7 − 3c1,H) + ch2 +N
n8 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 − c1,5 + c1,6 − c1,7 − 3c1,H) + ch2 +N
n9 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 + c1,5 − c1,6 − c1,7 − 3c1,H) + ch2 +N
n10 =
1
2
(−c1,1 − c1,2 − c1,3 + c1,4 − c1,5 − c1,6 − c1,7 − 3c1,H) + ch2 +N (5.160)
or conversely
N = 3n1 − 5n2 − 5n3 − 5n4 + n5 + n6 + n7 + n8 + n9 + n10
c1,H = n2 + n3 + n4 − 2n5 − n6
c1,1 = n5 − n2 , c1,2 = n5 − n3 , c1,3 = n5 − n4
c1,4 = n1 − 2n2 − 2n3 − 2n4 + n5 + n6 + n10
c1,5 = n1 − 2n2 − 2n3 − 2n4 + n5 + n6 + n9
c1,6 = n1 − 2n2 − 2n3 − 2n4 + n5 + n6 + n8
c1,7 = n1 − 2n2 − 2n3 − 2n4 + n5 + n6 + n7
ch2 = 4n2 + 4n3 + 4n4 − 2n1 − 1
2
(3n5 + 3n6 + n7 + n8 + n9 + n10) (5.161)
As usual, we take ~N = −~n. The total dimensions in each block are then
N1 = −3c1,1
2
− 3c1,2
2
− 3c1,3
2
− 5c1,4
2
− 5c1,5
2
− 5c1,6
2
− 5c1,7
2
− 9c1,H
2
− 3ch2 +N
N2 = −c1,1
2
− c1,2
2
− c1,3
2
− 3c1,4
2
− 3c1,5
2
− 3c1,6
2
− 3c1,7
2
− 3c1,H
2
− 3ch2 (5.162)
N3 = 2c1,1 + 2c1,2 + 2c1,3 + 6c1,H − 6ch2 − 4N (5.163)
The relevant stability parameters ~ζ = ~ζc in (2.56) in the canonical chamber J ∝ c1(S) are
ζ1 = (4N − 3 deg)ρ+ 3ch2 + 2N , ζ2,3,4 = (5 deg−6N)ρ− 5ch2 − 4N
ζ5,6 = (N − deg)ρ+ ch2 + 3N
2
, ζ7,8,9,10 = (N − deg)ρ+ ch2 + N
2
(5.164)
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The dimension agrees with (2.1) in the chamber where Φi1 = 0 for i = 5, . . . 10. This requires
ζ1 ≥ 0, ζ5,6,7,8,9,10 ≤ 0 hence
N ≤ deg ≤ 4
3
N (5.165)
in agreement with the range of slopes of simple representations.
The vanishing of the attractor indices can be shown using strategy b) in §B. For
γ = [1; 0, 1, 0, 0, 0, 0, 0, 0; 0] in the canonical chamber we get from the flow tree formula
Ω(0, 1, 0, 0, 0, 1, 1, 0, 0, 0, ~ζc) = 1 as expected. For γ = [1; 0, 0, 0, 0, 0, 0, 0, 1; 1] we expect
Ω(3, 1, 1, 1, 1, 1, 0, 1, 1, 1, ~ζc) = y2 + 8 + 1/y2 but the height of the dimension vector is too
high to check this directly.
In the blow-up chamber, the stability parameters are instead
~ζH =(−3c1,H ; 5c1,H +N, 5c1,H +N, 5c1,H +N ;−c1,H − 2N,−c1,H −N,
− c1,H ,−c1,H ,−c1,H ,−c1,H) + ǫ~ζc
(5.166)
This is consistent with ζ1 ≥ 0, ζ5,...,10 ≤ 0 only when c1,H = 0. From the flow tree formula we
get
[N ; c1; c2] ~N Ω( ~N, ~ζ
H)
[1; 0, 1, 0, 0, 0, 0, 0, 0; 0] (0, 1, 0, 0, 0, 1, 1, 0, 0, 0) 1
[2; 0,−1, 0, 0, 0, 1, 1, 1; 0] (2, 0, 1, 1, 1, 0, 0, 0, 0, 1) −y − 1/y
[3; 0, 1, 0, 0, 1, 1, 1, 0; 0] (0, 1, 0, 0, 0, 1, 1, 0, 0, 0) 1
[3; 0, 0, 0,−1, 1, 1, 1, 1; 0] (2, 1, 1, 0, 1, 0, 0, 0, 0, 0) y2 + 1 + 1/y2
[3; 0, 1,−1,−1, 1, 1, 1, 1;−1] (2, 2, 0, 0, 1, 0, 0, 0, 0, 0) 0
in agreement with the analysis in §A.3.
5.8 dP8
The authors of [56] provide four distinct three-block exceptional collections on dP8. As noted
in [74], the quivers for the collections (8.1), (8.3), (8.4) can be obtained from the one for (8.2)
by applying a sequence of Seiberg dualities,
• (8.1) ≃ SD[(8.2), {4, 1, 2, 3}, (2, 3, 5, 6, 7, 8, 9, 10, 11, 1, 4)]
• (8.3) ≃ SD[(8.2), {4, 5, 1}, (4, 5, 1, 2, 3, 6, 7, 8, 9, 10, 11)]
• (8.4) ≃ SD[(8.2), {4, 5, 6, 1, 4, 5, 6}, Id]
5.8.1 Three-block collection (8.1) of type (3, 3, 1)
As noted in [74], the three-block exceptional collection (8.1) from [56] appears to be invalid in
the form stated there. A valid collection of the same type can be obtained from the collection
of type (8.2) below by applying the sequence of Seiberg dualities indicated above. In this way
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we find the Chern vectors
γ1 = [3, (0, 0, 0, 0, 0, 1, 1, 1, 1) ,−2]
γ2 =
[
3, (3,−1,−1,−1,−1, 0, 0, 0, 0) ,−1
2
]
γ3 = [1, (2,−1,−1,−1,−1, 0, 0, 0, 0) , 0]
γ4 = [1, (1, 0, 0, 0,−1, 0, 0, 0, 0) , 0]
γ5 = [1, (3,−1,−1,−1,−1, 0,−1,−1,−1) , 1]
γ6 = [1, (3,−1,−1,−1,−1,−1, 0,−1,−1) , 1]
γ7 = [1, (3,−1,−1,−1,−1,−1,−1, 0,−1) , 1]
γ8 = [1, (3,−1,−1,−1,−1,−1,−1,−1, 0) , 1]
γ9 = [1, (1,−1, 0, 0, 0, 0, 0, 0, 0) , 0]
γ10 = [1, (1, 0,−1, 0, 0, 0, 0, 0, 0) , 0]
γ11 = [1, (1, 0, 0,−1, 0, 0, 0, 0, 0) , 0]
γ1 = [3, (0, 0, 0, 0, 0, 1, 1, 1, 1) ,−2]
γ2 = −
[
6, (−3, 1, 1, 1, 1, 3, 3, 3, 3) ,−11
2
]
γ3 =
[
1, (−1, 0, 0, 0, 0, 1, 1, 1, 1) ,−3
2
]
γ4 =
[
1, (−2, 1, 1, 1, 0, 1, 1, 1, 1) ,−3
2
]
γ5 =
[
1, (0, 0, 0, 0, 0, 1, 0, 0, 0) ,−1
2
]
γ6 =
[
1, (0, 0, 0, 0, 0, 0, 1, 0, 0) ,−1
2
]
γ7 =
[
1, (0, 0, 0, 0, 0, 0, 0, 1, 0) ,−1
2
]
γ8 =
[
1, (0, 0, 0, 0, 0, 0, 0, 0, 1) ,−1
2
]
γ9 =
[
1, (−2, 0, 1, 1, 1, 1, 1, 1, 1) ,−3
2
]
γ10 =
[
1, (−2, 1, 0, 1, 1, 1, 1, 1, 1) ,−3
2
]
γ11 =
[
1, (−2, 1, 1, 0, 1, 1, 1, 1, 1) ,−3
2
]
(5.167)
with slopes 4/3, 5/3, 2 and 4/3, 7/6, 1, respectively. The Euler matrix has a three-block struc-
ture
S =
 1 3 20 1 1
0 0 19
 , S∨ =
 1 −3 10 1 −1
0 0 19
 , κ =
 0 3 −1−3 0 1
1 −1 09
 (5.168)
A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 =
1
2
(3c1,1 + 3c1,2 + 3c1,3 + 3c1,4 + 5c1,5 + 5c1,6 + 5c1,7 + 5c1,8 + 9c1,H) + 3ch2 −N
n2 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + 3c1,5 + 3c1,6 + 3c1,7 + 3c1,8 + 3c1,H) + 3ch2
n3 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 + c1,5 + c1,6 + c1,7 + c1,8 − c1,H) + ch2
n4 =
1
2
(c1,1 + c1,2 + c1,3 − c1,4 + c1,5 + c1,6 + c1,7 + c1,8 + c1,H) + ch2
n5 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 + c1,5 − c1,6 − c1,7 − c1,8 − 3c1,H) + ch2 +N
n6 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 − c1,5 + c1,6 − c1,7 − c1,8 − 3c1,H) + ch2 +N
n7 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 − c1,5 − c1,6 + c1,7 − c1,8 − 3c1,H) + ch2 +N
n8 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 − c1,5 − c1,6 − c1,7 + c1,8 − 3c1,H) + ch2 +N
n9 =
1
2
(−c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,8 + c1,H) + ch2
n10 =
1
2
(c1,1 − c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,8 + c1,H) + ch2
n11 =
1
2
(c1,1 + c1,2 − c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,8 + c1,H) + ch2 (5.169)
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or conversely
N = 3n1 − 6n2 + n3 + n4 + n5 + n6 + n7 + n8 + n9 + n10 + n11
c1,H = 3n2 − n3 − 2n4 − 2n9 − 2n10 − 2n11
c1,1 = −n2 + n4 + n10 + n11
c1,2 = −n2 + n4 + n9 + n11
c1,3 = −n2 + n4 + n9 + n10
c1,4 = −n2 + n9 + n10 + n11
c1,5 = n1 − 3n2 + n3 + n4 + n5 + n9 + n10 + n11
c1,6 = n1 − 3n2 + n3 + n4 + n6 + n9 + n10 + n11
c1,7 = n1 − 3n2 + n3 + n4 + n7 + n9 + n10 + n11
c1,8 = n1 − 3n2 + n3 + n4 + n8 + n9 + n10 + n11
ch2 =
1
2
(−4n1 + 11n2 − 3n3 − 3n4 − n5 − n6 − n7 − n8 − 3n9 − 3n10 − 3n11) (5.170)
The total dimensions in each block are then
N1 = −3c1,1
2
− 3c1,2
2
− 3c1,3
2
− 3c1,4
2
− 5c1,5
2
− 5c1,6
2
− 5c1,7
2
− 5c1,8
2
− 9c1,H
2
− 3ch2 +N
N2 = −c1,1
2
− c1,2
2
− c1,3
2
− c1,4
2
− 3c1,5
2
− 3c1,6
2
− 3c1,7
2
− 3c1,8
2
− 3c1,H
2
− 3ch2 (5.171)
N3 = 3c1,1
2
+
3c1,2
2
+
3c1,3
2
+
3c1,4
2
− 3c1,5
2
− 3c1,6
2
− 3c1,7
2
− 3c1,8
2
+
9c1,H
2
− 9ch2 − 4N
The stability vector ~ζ = ~ζc in (2.56) in the canonical chamber J ∝ c1(S) is
ζ1 = (4N − 3 deg)ρ+ 3ch2 + 2N
ζ2 = (6 deg−7N)ρ − 6ch2 − 11N2
ζ3,4 = (N − deg)ρ+ ch2 + 3N2
ζ5,6,7,8 = (N − deg)ρ+ ch2 + N2
ζ9,10,11 = (N − deg)ρ+ ch2 + 3N2
The dimension agrees with (2.1) in the chamber where Φi,1 = 0 with i = 3, . . . 11. This
requires ζ1 ≥ 0, ζ3,...11 ≤ 0 hence
N ≤ deg ≤ 4
3
N (5.172)
The vanishing of the attractor indices can be shown using strategy a) in §B. For γ =
[1; 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0; 0] we get Ω(1, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, ~ζ⋆) = 1 as expected. For γ =
[1; (0,−1, 0, 0, 0, 0, 0, 0, 0, 0); 1] we expect Ω(7, 5, 1, 2, 0, 0, 0, 0, 1, 2, 2, ~ζc) = y2 + 9 + 1/y2 but
the height of the dimension vector is too high for a direct check.
In the blow-up chamber the stability parameters are instead
~ζH = (−3c1,H ; 6c1,H + 3N ;−c1,H −N,−c1,H − 2N,−c1,H ,
− c1,H ,−c1,H ,−c1,H ,−c1,H − 2N,−c1,H − 2N,−c1,H − 2N)
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This is consistent with ζ1 ≥ 0, ζ3,...,11 ≤ 0 for c1,H = 0 only. From the tree flow formula we get
[N ; c1; c2] ~N Ω( ~N, ~ζ
H)
[2; 0, 0, 0, 0,−1, 0, 1, 1, 1, 1; 0] (2, 2, 0, 0, 1, 0, 0, 0, 1, 1, 1) −y − 1/y
[3; 0, 0, 0, 0, 1, 0, 1, 1, 1; 0] (0, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0) 1
[3; 0, 0, 0,−1, 0, 1, 1, 1, 1; 0] (2, 2, 0, 1, 0, 0, 0, 0, 1, 1, 0) y2 + 1 + 1/y2
in agreement with the analysis in §A.3.
5.8.2 Three-block collection (8.2) of type (4, 2, 1)
The second strong exceptional collection (8.2) from [56], also studied in [34], involves sheaves
of rank 4, 2, 1:
γ1 =
[
4, (0, 0, 0, 0, 1, 1, 1, 1, 1) ,−5
2
]
γ2 =
[
2, (1, 0, 0, 0, 0, 0, 0, 0, 0) ,−1
2
]
γ3 =
[
2, (2,−1,−1,−1, 0, 0, 0, 0, 0) ,−1
2
]
γ4 = [1, (3,−1,−1,−1, 0,−1,−1,−1,−1) , 1]
γ5 = [1, (3,−1,−1,−1,−1, 0,−1,−1,−1) , 1]
γ6 = [1, (3,−1,−1,−1,−1,−1, 0,−1,−1) , 1]
γ7 = [1, (3,−1,−1,−1,−1,−1,−1, 0,−1) , 1]
γ8 = [1, (3,−1,−1,−1,−1,−1,−1,−1, 0) , 1]
γ9 = [1, (1,−1, 0, 0, 0, 0, 0, 0, 0) , 0]
γ10 = [1, (1, 0,−1, 0, 0, 0, 0, 0, 0) , 0]
γ11 = [1, (1, 0, 0,−1, 0, 0, 0, 0, 0) , 0]
γ1 =
[
4, (0, 0, 0, 0, 1, 1, 1, 1, 1) ,−5
2
]
γ2 =
[−6, (1, 0, 0, 0,−2, . . . ,−2) , 9
2
]
γ3 =
[−6, (2,−1,−1,−1,−2, . . . ,−2) , 9
2
]
γ4 =
[
1, (0, 0, 0, 0, 1, 0, 0, 0, 0) ,−1
2
]
γ5 =
[
1, (0, 0, 0, 0, 0, 1, 0, 0, 0) ,−1
2
]
γ6 =
[
1, (0, 0, 0, 0, 0, 0, 1, 0, 0) ,−1
2
]
γ7 =
[
1, (0, 0, 0, 0, 0, 0, 0, 1, 0) ,−1
2
]
γ8 =
[
1, (0, 0, 0, 0, 0, 0, 0, 0, 1) ,−1
2
]
γ9 =
[
1, (−2, 0, 1, 1, 1, 1, 1, 1, 1) ,−3
2
]
γ10 =
[
1, (−2, 1, 0, 1, 1, 1, 1, 1, 1) ,−3
2
]
γ11 =
[
1, (−2, 1, 1, 0, 1, 1, 1, 1, 1) ,−3
2
]
(5.173)
with slope 5/4, 3/2, 2 and 5/4, 7/6, 1, respectively. The Euler matrix has a three-block form,
S =
 1 2 30 12 1
0 0 18
 , S∨ =
 1 −2 10 12 −1
0 0 18
 , κ =
 0 2 −1−2 02 1
1 −1 08
 (5.174)
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A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 = 2c1,1 + 2c1,2 + 2c1,3 + 3c1,4 + 3c1,5 + 3c1,6 + 3c1,7 + 3c1,8 + 6c1,H + 4ch2 −N
n2 = c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,8 + 2c1,H + 2ch2
n3 = c1,4 + c1,5 + c1,6 + c1,7 + c1,8 + c1,H + 2ch2
n4 =
1
2
(−c1,1 − c1,2 − c1,3 + c1,4 − c1,5 − c1,6 − c1,7 − c1,8 − 3c1,H) + ch2 +N
n5 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 + c1,5 − c1,6 − c1,7 − c1,8 − 3c1,H) + ch2 +N
n6 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 − c1,5 + c1,6 − c1,7 − c1,8 − 3c1,H) + ch2 +N
n7 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 − c1,5 − c1,6 + c1,7 − c1,8 − 3c1,H) + ch2 +N
n8 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 − c1,5 − c1,6 − c1,7 + c1,8 − 3c1,H) + ch2 +N
n9 =
1
2
(−c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,8 + c1,H) + ch2
n10 =
1
2
(c1,1 − c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,8 + c1,H) + ch2
n11 =
1
2
(c1,1 + c1,2 − c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,8 + c1,H) + ch2 (5.175)
or conversely
N = 4n1 − 6n2 − 6n3 + n4 + n5 + n6 + n7 + n8 + n9 + n10 + n11
c1,H = n2 + 2n3 − 2n9 − 2n10 − 2n11
c1,1 = −n3 + n10 + n11 , c1,2 = −n3 + n9 + n11 , c1,3 = −n3 + n9 + n10
c1,4 = n1 − 2n2 − 2n3 + n4 + n9 + n10 + n11
c1,5 = n1 − 2n2 − 2n3 + n5 + n9 + n10 + n11
c1,6 = n1 − 2n2 − 2n3 + n6 + n9 + n10 + n11
c1,7 = n1 − 2n2 − 2n3 + n7 + n9 + n10 + n11
c1,8 = n1 − 2n2 − 2n3 + n8 + n9 + n10 + n11
ch2 =
1
2
(−5n1 + 9n2 + 9n3 − n4 − n5 − n6 − n7 − n8 − 3n9 − 3n10 − 3n11) (5.176)
As usual we set ~N = −~n. The total dimensions for the three blocks and degree are then
N1 = −2c1,1 − 2c1,2 − 2c1,3 − 3c1,4 − 3c1,5 − 3c1,6 − 3c1,7 − 3c1,8 − 6c1,H − 4ch2 +N
N2 = −c1,1 − c1,2 − c1,3 − 2c1,4 − 2c1,5 − 2c1,6 − 2c1,7 − 2c1,8 − 3c1,H − 4ch2
N3 = 2c1,1 + 2c1,2 + 2c1,3 + 6c1,H − 8ch2 − 5N (5.177)
deg = 3c1,H +
∑
i
c1,i = 7N2 + 7N3 − 5N1 +−N4 −N5 −N6 −N7 −N8 −N9 −N10 −N11
The stability parameters ~ζ = ~ζc in (2.56) for J ∝ c1(S) are
ζ1 = −(4 deg−5N)ρ+ 4ch2 + 5
2
N , ζ2,3 = (6 deg−7N)ρ− 6ch2 − 9
2
N
ζ4,5,6,7,8 = −(deg−N)ρ + ch2 + 1
2
N , ζ9,10,11 = −(deg−N)ρ + ch2 + 3
2
N (5.178)
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The dimension agrees with (2.1) in the chamber where Φ1j = 0 with j = 4 . . . 11. This requires
ζ1 ≥ 0, ζ4,...11 ≤ 0 hence
N ≤ deg ≤ 5
4
N (5.179)
in agreement with the range of slopes of stable objects.
The vanishing of the attractor indices can be shown using strategy b) in §B. For
γ = [1; 0, 1, 0, 0, 0, 0, 0, 0, 0, 0; 0] in the canonical chamber we find from the flow tree formula
Ω(1, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, ζc) = 1 as expected. For γ = [1; 0, 0, 0, 0, 0, 0, 0, 0, 1; 1] one would
expect Ω(4, 2, 2, 1, 1, 1, 1, 0, 1, 1, 1, ~ζc) = y2 + 9 + 1/y2, however the height of the dimension
vector is too high for a direct check.
In the blow-up chamber the stability parameters are instead
~ζH =(−4c1,H ; 6c1,H +N, 6c1,H + 2N ;
− c1,H ,−c1,H ,−c1,H ,−c1,H ,−c1,H ,−c1,H − 2N,−c1,H − 2N,−c1,H − 2N) + ǫ~ζc
(5.180)
This is consistent with ζ1 ≥ 0, ζ4,...,11 ≤ 0 for c1,H = 0 only. From the flow tree formula we get
[N ; c1; c2] ~N Ω( ~N, ~ζ
H)
[1; 0, 1, 0, 0, 0, 0, 0, 0, 0, 0; 0] (1, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0) 1
[3; 0, 0,−1,−1, 1, 1, 1, 1, 1; 0] (2, 2, 0, 0, 0, 0, 0, 0, 0, 1, 0) 0
in agreement with the analysis in §A.3.
5.8.3 Three-block collection (8.3) of type (3, 2, 1)
The third strong exceptional collection (8.3) from [56] involves sheaves of rank 3,2,1:
γ1 = [3, (0, 0, 0, 0, 1, 1, 1, 1, 0) ,−2]
γ2 = [3, (0, 0, 0, 0, 1, 1, 1, 0, 1) ,−2]
γ3 =
[
2, (1, 0, 0, 0, 0, 0, 0, 0, 0) ,−1
2
]
γ4 =
[
2, (2,−1,−1,−1, 0, 0, 0, 0, 0) ,−1
2
]
γ5 =
[
2, (0, 0, 0, 0, 1, 1, 1, 0, 0) ,−3
2
]
γ6 = [1, (3,−1,−1,−1, 0,−1,−1,−1,−1) , 1]
γ7 = [1, (3,−1,−1,−1,−1, 0,−1,−1,−1) , 1]
γ8 = [1, (3,−1,−1,−1,−1,−1, 0,−1,−1) , 1]
γ9 = [1, (1,−1, 0, 0, 0, 0, 0, 0, 0) , 0]
γ10 = [1, (1, 0,−1, 0, 0, 0, 0, 0, 0) , 0]
γ11 = [1, (1, 0, 0,−1, 0, 0, 0, 0, 0) , 0]
γ1 = [3, (0, 0, 0, 0, 1, 1, 1, 1, 0) ,−2]
γ2 = [3, (0, 0, 0, 0, 1, 1, 1, 0, 1) ,−2]
γ3 = −
[
4, (−1, 0, 0, 0, 2, 2, 2, 1, 1) ,−7
2
]
γ4 = −
[
4, (−2, 1, 1, 1, 2, 2, 2, 1, 1) ,−7
2
]
γ5 = −
[
4, (0, 0, 0, 0, 1, 1, 1, 1, 1) ,−5
2
]
γ6 =
[
1, (0, 0, 0, 0, 1, 0, 0, 0, 0) ,−1
2
]
γ7 =
[
1, (0, 0, 0, 0, 0, 1, 0, 0, 0) ,−1
2
]
γ8 =
[
1, (0, 0, 0, 0, 0, 0, 1, 0, 0) ,−1
2
]
γ9 =
[
1, (−2, 0, 1, 1, 1, 1, 1, 1, 1) ,−3
2
]
γ10 =
[
1, (−2, 1, 0, 1, 1, 1, 1, 1, 1) ,−3
2
]
γ11 =
[
1, (−2, 1, 1, 0, 1, 1, 1, 1, 1) ,−3
2
]
(5.181)
with slope 4/3, 3/2, 2 and 4/3, 5/4, 1, respectively. The Euler matrix has a three-block form,
S =
 12 1 20 13 1
0 0 16
 , S∨ =
 12 −1 10 13 −1
0 0 16
 , κ =
 02 1 −1−1 03 1
1 −1 06
 (5.182)
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A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 =
1
2
(3c1,1 + 3c1,2 + 3c1,3 + 5c1,4 + 5c1,5 + 5c1,6 + 5c1,7 + 3c1,8 + 9c1,H) + 3ch2 −N
n2 =
1
2
(3c1,1 + 3c1,2 + 3c1,3 + 5c1,4 + 5c1,5 + 5c1,6 + 3c1,7 + 5c1,8 + 9c1,H) + 3ch2 −N
n3 = c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,8 + 2c1,H + 2ch2
n4 = c1,4 + c1,5 + c1,6 + c1,7 + c1,8 + c1,H + 2ch2
n5 = c1,1 + c1,2 + c1,3 + 2c1,4 + 2c1,5 + 2c1,6 + c1,7 + c1,8 + 3c1,H + 2ch2 −N
n6 =
1
2
(−c1,1 − c1,2 − c1,3 + c1,4 − c1,5 − c1,6 − c1,7 − c1,8 − 3c1,H) + ch2 +N
n7 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 + c1,5 − c1,6 − c1,7 − c1,8 − 3c1,H) + ch2 +N
n8 =
1
2
(−c1,1 − c1,2 − c1,3 − c1,4 − c1,5 + c1,6 − c1,7 − c1,8 − 3c1,H) + ch2 +N
n9 =
1
2
(−c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,8 + c1,H) + ch2
n10 =
1
2
(c1,1 − c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,8 + c1,H) + ch2
n11 =
1
2
(c1,1 + c1,2 − c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,8 + c1,H) + ch2 (5.183)
or conversely
N = 3n1 + 3n2 − 4n3 − 4n4 − 4n5 + n6 + n7 + n8 + n9 + n10 + n11
c1,H = n3 + 2n4 − 2n9 − 2n10 − 2n11
c1,1 = −n4 + n10 + n11 , c1,2 = −n4 + n9 + n11 , c1,3 = −n4 + n9 + n10
c1,4 = n1 + n2 − 2n3 − 2n4 − n5 + n6 + n9 + n10 + n11
c1,5 = n1 + n2 − 2n3 − 2n4 − n5 + n7 + n9 + n10 + n11
c1,6 = n1 + n2 − 2n3 − 2n4 − n5 + n8 + n9 + n10 + n11
c1,7 = n1 − n3 − n4 − n5 + n9 + n10 + n11
c1,8 = n2 − n3 − n4 − n5 + n9 + n10 + n11
ch2 =
1
2
(−4n1 − 4n2 + 7n3 + 7n4 + 5n5 − n6 − n7 − n8 − 3n9 − 3n10 − 3n11) (5.184)
As usual, we take ~N = −~n. The total dimensions in each block are then
N1 = −3c1,1 − 3c1,2 − 3c1,3 − 5c1,4 − 5c1,5 − 5c1,6 − 4c1,7 − 4c1,8 − 9c1,H − 6ch2 + 2N
N2 = −2c1,1 − 2c1,2 − 2c1,3 − 4c1,4 − 4c1,5 − 4c1,6 − 3c1,7 − 3c1,8 − 6c1,H − 6ch2 +N
N3 = c1,1 + c1,2 + c1,3 − c1,4 − c1,5 − c1,6 + 3c1,H − 6ch2 − 3N (5.185)
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The stability vector ~ζ = ~ζc in (2.56) in the canonical chamber J ∝ c1(S) is
ζ1,2 = (4N − 3 deg)ρ+ 3ch2 + 2N
ζ3,4,5 = (4 deg−5N)ρ− 4ch2 − 7N
2
ζ6,7,8 = (N − deg)ρ+ ch2 + N
2
ζ9,10,11 = (N − deg)ρ+ ch2 + 3N
2
(5.186)
The dimension agrees with (2.1) in the chamber where Φij = 0 for i = 6, . . . 11, j = 1, 2. This
requires ζ1,2 ≥ 0, ζ6,7,8,9,10,11 ≤ 0 hence
N ≤ deg ≤ 4
3
N (5.187)
The vanishing of the attractor indices can be shown using strategy c) in §B. For γ =
[1; 0, 0, 0, 0, 0, 0, 0, 1, 0; 0] in the canonical chamber we find from the flow tree formula
Ω(0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 0, ~ζc) = 1 (5.188)
as expected. For γ = [1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 1; 1] we expect Ω(4, 3, 2, 2, 3, 1, 1, 1, 1, 1, 1, ~ζc) =
y2 + 9 + 1/y2 but the height is too high for a direct check.
In the blow-up chamber the stability parameters are instead
~ζH =(−3c1,H ,−3c1,H ; 4c1,H +N, 4c1,H + 2N, 4c1,H;
− c1,H ,−c1,H ,−c1,H ,−c1,H − 2N,−c1,H − 2N,−c1,H − 2N) + ǫζc
(5.189)
This is consistent with ζ1,2 ≥ 0, ζ6,...,11 ≤ 0 for c1,H = 0 only. From the flow tree formula we
get
[N ; c1; c2] ~N Ω( ~N, ~ζ
H)
[3; 0, 1, 0, 0, 1, 1, 1, 0, 0; 0] (0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0) 1
[3; 0, 1, 0, 0, 0, 1, 1, 1, 0; 0] (0, 1, 0, 1, 1, 1, 0, 0, 1, 0, 0) 1
[3; 0, 0, 0,−1, 1, 2, 2, 0, 0; 0] (1, 1, 2, 1, 0, 1, 0, 0, 1, 1, 0) 1
in agreement with the analysis in §A.3.
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5.8.4 Three-block collection (8.4) of type (5, 2, 1)
The fourth and last strong exceptional collection (8.4) from [56] involves sheaves of rank 5,2,1:
γ1 = [5, (6,−2,−2,−2, 0, 0, 0, 0, 0) , 0]
γ2 =
[
2, (3,−1,−1,−1,−1, 0, 0, 0, 0) , 1
2
]
γ3 =
[
2, (3,−1,−1,−1, 0,−1, 0, 0, 0) , 1
2
]
γ4 =
[
2, (3,−1,−1,−1, 0, 0,−1, 0, 0) , 1
2
]
γ5 =
[
2, (3,−1,−1,−1, 0, 0, 0,−1, 0) , 1
2
]
γ6 =
[
2, (3,−1,−1,−1, 0, 0, 0, 0,−1) , 1
2
]
γ7 =
[
1, (1, 0, 0, 0, 0, 0, 0, 0, 0) , 1
2
]
γ8 =
[
1, (2,−1,−1,−1, 0, 0, 0, 0, 0) , 1
2
]
γ9 =
[
1, (4,−2,−1,−1,−1,−1,−1,−1,−1) , 5
2
]
γ10 =
[
1, (4,−1,−2,−1,−1,−1,−1,−1,−1) , 5
2
]
γ11 =
[
1, (4,−1,−1,−2,−1,−1,−1,−1,−1) , 5
2
]
γ1 = [5, (6,−2,−2,−2, 0, 0, 0, 0, 0) , 0]
γ2 =
[−3, (−3, 1, 1, 1,−1, 0, 0, 0, 0) , 1
2
]
γ3 =
[−3, (−3, 1, 1, 1, 0,−1, 0, 0, 0) , 1
2
]
γ4 =
[−3, (−3, 1, 1, 1, 0, 0,−1, 0, 0) , 1
2
]
γ5 =
[−3, (−3, 1, 1, 1, 0, 0, 0,−1, 0) , 1
2
]
γ6 =
[−3, (−3, 1, 1, 1, 0, 0, 0, 0,−1) , 1
2
]
γ7 = [1, (−2, 1, 1, 1, 1, 1, 1, 1, 1) ,−2]
γ8 = [1, (−1, 0, 0, 0, 1, 1, 1, 1, 1) ,−2]
γ9 = [1, (1,−1, 0, 0, 0, 0, 0, 0, 0) , 0]
γ10 = [1, (1, 0,−1, 0, 0, 0, 0, 0, 0) , 0]
γ11 = [1, (1, 0, 0,−1, 0, 0, 0, 0, 0) , 0]
(5.190)
with slopes 12/5, 5/2, 3 and 12/5, 7/3, 2, respectively. The Euler matrix has a three-block
form,
S =
 1 1 30 15 1
0 0 15
 , S∨ =
 1 −1 20 15 −1
0 0 15
 , κ =
 0 1 −2−1 05 1
2 −1 05
 (5.191)
A general Chern character γ = [N, c1, ch2] decomposes as γ =
∑
i niγi with
n1 =
1
2
(c1,1 + c1,2 + c1,3 + 5c1,4 + 5c1,5 + 5c1,6 + 5c1,7 + 5c1,8 + 3c1,H) + 5ch2 −N
n2 = c1,5 + c1,6 + c1,7 + c1,8 + 2ch2
n3 = c1,4 + c1,6 + c1,7 + c1,8 + 2ch2
n4 = c1,4 + c1,5 + c1,7 + c1,8 + 2ch2
n5 = c1,4 + c1,5 + c1,6 + c1,8 + 2ch2
n6 = c1,4 + c1,5 + c1,6 + c1,7 + 2ch2
n7 =
1
2
(c1,1 + c1,2 + c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,8 + c1,H) + ch2
n8 =
1
2
(−c1,1 − c1,2 − c1,3 + c1,4 + c1,5 + c1,6 + c1,7 + c1,8 − c1,H) + ch2
n9 =
1
2
(−3c1,1 − c1,2 − c1,3 − c1,4 − c1,5 − c1,6 − c1,7 − c1,8 − 5c1,H) + ch2 + 2N
n10 =
1
2
(−c1,1 − 3c1,2 − c1,3 − c1,4 − c1,5 − c1,6 − c1,7 − c1,8 − 5c1,H) + ch2 + 2N
n11 =
1
2
(−c1,1 − c1,2 − 3c1,3 − c1,4 − c1,5 − c1,6 − c1,7 − c1,8 − 5c1,H) + ch2 + 2N (5.192)
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or conversely
N = 5n1 − 3n2 − 3n3 − 3n4 − 3n5 − 3n6 + n7 + n8 + n9 + n10 + n11
c1,H = 6n1 − 3n2 − 3n3 − 3n4 − 3n5 − 3n6 − 2n7 − n8 + n9 + n10 + n11
c1,1 = −2n1 + n2 + n3 + n4 + n5 + n6 + n7 − n9
c1,2 = −2n1 + n2 + n3 + n4 + n5 + n6 + n7 − n10
c1,3 = −2n1 + n2 + n3 + n4 + n5 + n6 + n7 − n11
c1,4 = −n2 + n7 + n8
c1,5 = −n3 + n7 + n8
c1,6 = −n4 + n7 + n8
c1,7 = −n5 + n7 + n8
c1,8 = −n6 + n7 + n8
ch2 =
1
2
(n2 + n3 + n4 + n5 + n6 − 4n7 − 4n8 (5.193)
The total dimensions in each block are then
N1 = −c1,1
2
− c1,2
2
− c1,3
2
− 5c1,4
2
− 5c1,5
2
− 5c1,6
2
− 5c1,7
2
− 5c1,8
2
− 3c1,H
2
− 5ch2 +N,
N2 = −4c1,4 − 4c1,5 − 4c1,6 − 4c1,7 − 4c1,8 − 10ch2, (5.194)
N3 = 5c1,1
2
+
5c1,2
2
+
5c1,3
2
+
c1,4
2
+
c1,5
2
+
c1,6
2
+
c1,7
2
+
c1,8
2
+
15c1,H
2
− 5ch2 − 6N (5.195)
The stability vector is
ζ1 = (12N − 5 deg+)ρ+ 5ch2
ζ2,...,6 = (3 deg−7N)ρ− 3ch2 − N
2
ζ7,8,9 = (2N − deg)ρ+ ch2 + 2N
ζ10,11 = (2N − deg)ρ+ ch2 (5.196)
The dimension agrees with (2.1) in the chamber where Φi1 = 0 for i = 9, 10, 11. This requires
ζ1 ≥ 0, ζ7,8,9,10,11 ≤ 0 hence
2N ≤ deg ≤ 12
5
N (5.197)
The vanishing of the attractor indices can be shown using strategy b) in §B. For
γ = [1; 1, 0, 0, 0, 0, 0, 0, 0,−1; 0] in the canonical chamber we get from the flow tree formula
Ω(2, 1, 1, 1, 1, 0, 0, 1, 0, 0, 0, ~ζc) = 1 as expected. For γ = [1; 1,−1, 0, 0, 0, 0, 0, 0, 0, 0; 1] we ex-
pect Ω(6, 2, 2, 2, 3, 3, 1, 1, 1, 1, 1, ~ζc) = y2 + 9 + 1/y2 but the height is too high for a direct
check.
In the blow-up chamber the stability parameters are instead
~ζH =(6N − 5c1,H ; 3c1,H − 3N, 3c1,H − 3N, 3c1,H − 3N, 3c1,H − 3N, 3c1,H − 3N ;
− c1,H − 2N,−c1,H −N,N − c1,H , N − c1,H , N − c1,H) + ǫ~ζc
(5.198)
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This is consistent with ζ1 ≥ 0, ζ7,8,9,10,11 ≤ 0 for N ≤ c1,H ≤ 65N . From the flow tree formula
we get
[N ; c1; c2] ~N Ω( ~N, ~ζ
H)
[1; 1, 0, 0, 0, 0, 0, 0, 0,−1; 0] (2, 1, 1, 1, 1, 0, 0, 1, 0, 0, 0) 1
[3; 3,−1,−1,−1, 1, 0, 0, 0, 0; 3] (0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0) 1
[3; 3, 0,−1,−1, 0, 0, 0, 0, 0; 4] (2, 1, 1, 1, 1, 1, 0, 1, 1, 0, 0) y2 + 7 + 1/y2
in agreement with the analysis in §A.3.
6. Summary and discussion
In this work, we have proposed a general method for computing Vafa-Witten invariants, valid
in principle for any complex surface S which admits a strong, full, cyclic exceptional collection
C, and for which vanishing theorems apply, such that Vafa-Witten invariants are solely given
by contributions from the instanton branch. The method involves 1) constructing the quiver
Q and its superpotential W from the dual collection C∨; 2) determining the dimension vector
~N and stability parameter ~ζ for given Chern vector γ and polarization J ; 3) computing the
attractor indices Ω⋆( ~N) := Ω( ~N, ~ζ⋆) for all ~N and 4) evaluating the index Ω( ~N, ~ζ) = cγ,J in
the desired chamber using the flow tree formula. The equality Ω( ~N, ~ζ) = cγ,J is expected to
hold for Chern classes such that the slope νJ(E) lies in a certain window, typically determined
by the slopes of the dual collection C∨, such that stable representations are supported on the
Beilinson subquiver. For the canonical polarization J ∝ c1(S), we showed that the relevant
stability vector ~ζc is opposite to the attractor value ~ζ⋆, up to a small perturbation.
We validated the method outlined above in the case of Fano surfaces, where suitable
exceptional collections are known. For all considered cases, we could show that the attractor
indices Ω⋆( ~N) vanish except for dimension vectors associated to simple representations and
(possibly) pure D0-branes. Since pure D0-branes do not contribute to the flow tree formula for
Chern vectors associated to torsion-free sheaves, we were able to compute the index Ω( ~N, ~ζ)
for a large variety of Chern vectors, and successfully match with results obtained by combining
the blow-up and wall-crossing formulae. It would be very interesting to see if our method can
be extended to torsion sheaves (i.e. D2-D0 brane bound states), and provide a new way of
computing Gopakumar-Vafa invariants on these surfaces, some which are not toric.
We also found evidence that this method extends to weak Fano surfaces (F2 and the
pseudo del Pezzo surfaces) as well as some non Fano cases (F3,F4), where VW invariants
turn out to be related to those of Fano surfaces of the same degree, despite the fact that the
quiver sometimes involves bi-directional arrows. For Fm with m ≥ 5, we could not identify a
suitable collection which would be valid in a non-empty window, although we expect that the
invariants can still be related to those of F0 or F1, depending on the parity of m. It would
be very interesting to extend our method to more general surfaces, such as K3 and surfaces
of general type.
In order to prove that the attractor indices Ω⋆( ~N) vanish for generic dimension vector,
we performed a case-by-case analysis, showing that the expected dimension in the attractor
chamber must be strictly negative. This analysis relies on the detailed form of the superpo-
tential W , which determines which branches are allowed. While the exact superpotential can
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be found for toric cases using brane tiling techniques, it would be interesting to determine the
superpotential in non-toric cases (including its dependence on complex structure moduli). It
seems plausible that the vanishing of attractor indices should hold for all rational surfaces,
and it would be interesting to determine under what conditions on (Q,W, ~N) does this van-
ishing take place. Another interesting direction is to understand the relation between the
attractor flow trees occurring in the flow tree formula and scattering diagrams, which provide
an efficient alternative way of computing Vafa-Witten invariants on P2 [111].
In addition to the vanishing of the attractor indices, we have found circumstancial ev-
idence that the single centered indices ΩS( ~N) coincide with attractor indices, and therefore
vanish under the same conditions on ~N (for the same quiver Q). The conjectural identity
ΩS( ~N) = Ω⋆( ~N) follows from the observation that in evaluating the Coulomb branch (2.62)
in the attractor chamber ~ζ = ~ζ⋆, all contributions from decompositions γ =
∑
j αj where all
αj’s are associated to simple representations have a vanishing coefficient ĝC({αj, mj , cj}, y).
This does not mean that collinear black hole configurations with charges {αj} do not ex-
ist at the attractor point, but rather that they carry vanishingly small angular momentum,
such that their contributions are cancelled by the minimal modification prescription of [92].
Physically, black holes corresponding to the exceptional D-branes E∨i may classically form
scaling configurations, but not quantum mechanically. This seems to be a remarkable prop-
erty of the adjacency matrix coming from strong exceptional collections, though it does not
rely on the specific form of the prepotential. Moreover, the vanishing of ΩS( ~N) for almost all
dimension vectors is consistent with the general expectation that there should exist no single-
centered black holes with large entropy in local Calabi-Yau geometries. For pure D0-branes,
single-centered and attractor indices no longer coincide, rather
Ω⋆( ~N) = −y − 1/y + ΩS( ~N) + . . . (6.1)
where the dots indicate contributions proportional to ΩS(αj) with generic dimension vectors,
which vanish. In this case it is clear that Ω⋆( ~N) and ΩS( ~N) cannot both vanish, and it would
be interesting to determine either of them.
The fact that the stability vector ~ζc relevant for the canonical polarization J ∝ c1(S)
is opposite to the attractor value ~ζ⋆ raises an interesting paradox. As emphasized in [11],
the canonical polarization corresponds to the large volume attractor point zγ for a D4-brane
wrapped on S. Generally, at the attractor point one expects only single-centered black holes
to contribute, possibly along with scaling solutions. In contrast, for ~ζ = ~ζc the spectrum of
BPS bound states in quiver quantum mechanics is in some sense at its richest point (while
being at its poorest for ~ζ = −~ζc). The resolution of this paradox is presumably that the BPS
spectrum in the large volume attractor point (counted by the so-called MSW index) includes
BPS bound states of D6-anti D6-branes which are well described by the quiver quantum
mechanics in the canonical chamber ~ζ = ~ζc. These bound states decay at finite volume on the
way to the true attractor point, consistently with the absence of bound states in the quiver
quantum mechanics for ~ζ = ~ζ⋆.
Another property of the canonical polarization is that the (mock) modular properties
and holomorphic anomalies of the generating function of VW invariants with fixed rank and
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first Chern class are expected to be simpler than for generic J [112]. It would clearly be
of great interest to understand the appearance of these modular properties from the quiver
description. In analogy with the case of framed sheaves on ALE spaces [113] or Hilbert scheme
of points on surfaces [114], one may hope to identify the generating function of quiver indices
with the character of an affine or possibly more exotic vertex algebra, possibly in the spirit
of [115], relating the cohomologies of quiver moduli spaces with different dimension vectors.
We hope to return to this in the future.
Acknowledgements: We are grateful to Sergey Alexandrov, Pierrick Bousseau, Emmanuel
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A. Generating functions of VW invariants
In this appendix, we collect known results about generating functions of VW invariants for
various rational surfaces, in order to provide checks for the quiver description in the body of
this paper. As in §2.1, let P (MSγ,J , y) be the Poincare´ polynomial of the moduli spaces of
Gieseker semi-stable sheaves with Chern character γ = [N ;µ;n]. This is a Laurent polynomial
with positive integer coefficients, symmetric under y ↔ y−1. The rational invariant crefγ,J(y) is
defined by (2.6), and coincides with P (MSγ,J , y) when γ is primitive. It is useful to introduce
furthermore the stack invariant
Iγ,J(y) :=
∑
γ1+···+γℓ=γ
νJ(γj)=νJ (γ) ∀j
ch2
rk
(γj)=
ch2
rk
(γ)∀i
1
ℓ! (y − y−1)ℓ
ℓ∏
j=1
crefγj ,J(y), (A.1)
which has simpler transformation properties under wall-crossing. Conversely, the rational
invariant can be expressed in terms of stack invariants through
crefγj ,J(y) = (y − y−1)
∑
γ1+···+γℓ=γ
νJ (γj)=νJ (γ) ∀j
ch2
N
(γj )=
ch2
N
(γ) ∀j
(−1)ℓ−1
ℓ
ℓ∏
j=1
Iγj ,J(y). (A.2)
In order to make use of the blow-up formula, we shall also need the stack invariants Iνγ,J(y) for
the moduli space of slope-semi-stable sheaves. For a generic polarization J , these are related
to stack invariants for Gieseker stability via
Iνγ,J(y) =
∑
γ1+···+γℓ=γ
νJ (γj )=νJ (γ) ∀j
ch2
N
(γj )<
ch2
N
(γj+1)
ℓ∏
j=1
Iγj ,J(y), (A.3)
where νJ is the slope (2.3). Similar to (2.7), we define the generating function of the stack
invariants for slope-stability as
HSN,c1,J(τ, w) =
∑
n
Iνγ,J(y) qn−
N−1
2N
µ2−Nχ(S)
24 . (A.4)
Using (A.2) and (A.3), one can express the generating function of rational invariants (2.7) in
terms of (A.4) for a generic polarization J ,
hSN,c1,J(τ, w) =
∑
∑
(Ni,c1,i)=(N,c1)
νJ (Ni,c1,i)=νJ (N,c1)
(−1)ℓ
ℓ
ℓ∏
j=1
HSNi,c1,i,J . (A.5)
To list generating functions in a more concise fashion, we further introduce the generating
function hSN,µ,J of Poincare´ polynomials of the moduli spaces of semi-stable sheaves,
hSN,µ,J(τ, w) =
∑
n≥0
P (MS[N ;µ;n],J, y) qn, (A.6)
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where we have chosen µ such that n = 0 is the first term in q-expansion.
When (N, µ) is primitive, this is related to the generating function (2.7) by
hSN,µ,J(τ, w) = q
N−1
2N
µ2+
Nχ(S)
24 (y − 1/y) hSN,µ,J(τ, w), (A.7)
whereas for generic (N, µ), hSN,µ,J follows by inverting (2.6). We omit the dependence on J
when it is clear from the context. For rank N = 1, VW invariants are independent of J
and µ and given by Goettsche’s formula (2.8) for any smooth, simply connected 4-manifold.
Expanding at the first few orders in q we get
hS1 = 1 + (y
2 + b2 + 1/y
2)q +
(
y4 + (1 + b2)y
2 +
1
2
(b2 + 1)(b2 + 2) + . . .
)
q2
+
(
y6 + (b2 + 1)y
4 +
1
2
(b2 + 1)(b2)y
2 + (2 +
1
6
b2(b2 + 2)(b2 + 7)) + . . .
)
q3 + . . . ,
(A.8)
where b2 = b2(S). The order q
n term in this expression is the Poincare´ polynomial of the
Hilbert scheme M = S [n], rescaled by a power of y−dimCM.
As explained in a series of works [116, 64, 117, 20, 52, 17, 21], a general strategy for
obtaining VW invariants for rational surfaces at arbitrary rank N ≥ 2 is to first compute
generating functions for Hirzebruch surfaces Fm, and then apply the blow-up formula to
reach P2 (by blowing down one point on F1) or dPk (by blowing up k − 1 points of F1). The
blow-up formula relates the generating functions of stack invariants for slope stability on the
surface S to those on the blow-up π : Sˆ → S [19, 118, 119]. We have in particular,
H SˆN,π∗(c1)−kE,π∗(J)(τ, w) = BN,k(τ, w)H
S
N,c1,J(τ, w), (A.9)
where E is the exceptional curve and
BN,k(τ, w) =
1
η(τ)N
∑
∑N
i=1
ai=0
ai∈Z+
k
N
q−
∑
i<j aiaj y
∑
i<j(ai−aj), (A.10)
is a Jacobi form of weight −1
2
and index 1
6
(N3 − N), We thus start by explaining how to
compute stacky invariants and VW invariants on Fm, and then go on to discuss P
2 and dPk.
A.1 Hirzebruch surfaces
As in §4, we denote by C and F the base and fiber of the projective bundle Fm → P1, such
that C2 = −m,F 2 = 0, C · F = 1. We denote by c1(E) = βC −αF the first Chern class, and
parametrize the polarization J by Jm1,m2 = m1(C + mF ) + m2F . For the polarization J0,1
at the boundary of the Ka¨hler cone, the generating functions HFmN,µ,J0,1 are independent of m,
and given by ([17, Conjecture 4.1], proven in [18] by making use of the Hall algebra of P1)
HFmN,µ,J0,1(τ, w) = HN(τ, w) :=
i(−1)N−1η(τ)2N−3
θ1(τ, 2Nw)
∏N−1
k=1 θ1(τ, 2kw)
2
, (A.11)
for µ · F = 0 mod N , or 0 otherwise. Here HN is a Jacobi form of weight −1 and index
−1
3
(4N3 + 2N).
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Let Jǫ,1 with 0 < ǫ ≪ 1 be a “suitable polarization”. In other words, ǫ is sufficiently
small such that no walls of marginal stability are crossed between Jǫ,1 and J0,1. Then, the
stack invariants for Jǫ,1 can be obtained from those at J0,1 by applying the Joyce wall-crossing
formula [120], leading to [22, Prop. 5.7]
HFmN,βC−αF,Jǫ,1(τ, w) =
∑
N1+···+Nℓ=N,Ni∈N∗
y2
∑N
i=2(Ni+Ni−1){
α
N
∑N
k=iNk}∏N−1
i=2 (1− y2(Ni+Ni−1))
ℓ∏
j=1
HNj (τ, w), (A.12)
when β = 0 mod N , or zero if β 6= 0 mod N , where HN was defined in (A.11). Since Jǫ,1 is
a generic polarization, Eq. (A.5)) implies that the generating function of rational invariants
with respect to Gieseker stability are given by
hS,refN,µ (τ, w) =
∑
d=d1+···+dℓ
(−1)ℓ−1
ℓ
ℓ∏
i=1
HFmdiN0,diµ0,Jǫ,1(τ, w), (A.13)
where d is the largest integer such that (N0, µ0) := (N/d, µ/d) is primitive, and the sum runs
over all ordered decompositions of d with di > 0. Contributions with ℓ > 1 in (A.13) can be
expressed in terms of hN ′,µ with N
′ < N by applying (A.13) recursively.
For N = 2, we get
HFm2,βC−αF,Jǫ,1(τ, w) =

0, if β = 1 mod 2,
H2 +
y2
1−y4H
2
1 , if (α, β) = (1, 0) mod 2,
H2 +
1
1−y4H
2
1 , if (α, β) = (0, 0) mod 2,
(A.14)
hence, using (A.2) we find for β = 0 mod 2 in the chamber Jǫ,1,
hFm2,0 =
(
y5 + 2y3 + 3y + . . .
)
q2 +
(
y9 + 3y7 + 8y5 + 16y3 + 20y + . . .
)
q3 + . . . , (A.15)
hFm2,F = (y + 1/y)q + (y
5 + 3y3 + 7y + . . . )q2 +
(
y9 + 3y7 + 10y5 + 22y3 + 36y + . . .
)
q3 + . . . ,
and 0 for β 6= 0 mod 2.
For N = 3,
HFm3,βC−αF,Jǫ,1 =

0, if β 6= 0 mod 3,
H3 +
1
1−y6
H1H2 +
1
(1−y4)2
H31 , if (α, β) = (0, 0) mod 3,
H3 +
y2+y4
1−y6 H1H2 +
y4
(1−y4)2H
3
1 , if (α, β) = (±1, 0) mod 3,
(A.16)
hence for β = 0 mod 3 in the chamber Jǫ,1,
hFm3,0 =
(
y10 + 2y8 + 5y6 + 8y4 + 9y2 + 10 + . . .
)
q3 + . . . , (A.17)
hFm3,±F =
(
y4 + 2y2 + 4 + . . .
)
q2 +
(
y10 + 3y8 + 9y6 + 20y4 + 34y2 + 42 + . . .
)
q3 + . . . ,
and 0 for β 6= 0 mod 3.
For N = 4, we get HFm4,βC−αF,Jǫ,1 =
0, if β 6= 0 mod 4,
H4 +
2
1−y8H1H3 +
1
1−y8H
2
2 +
3+3y2+2y4
(1+y2)(1−y6)2H
2
1H2 +
1
(1−y4)3H
4
1 , if (α, β) = (0, 0) mod 4,
H4 +
y2+y6
1−y8 H1H3 +
y4
1−y8H
2
2 +
y4(1+y2)2
(1−y6)2 H
2
1H2 +
y6
(1−y4)3H
4
1 , if (α, β) = (±1, 0) mod 4,
H4 +
2y4
1−y8
H1H3 +
1
1−y8
H22 +
y2(2+2y2+3y4+y6)
(1+y2)(1−y6)2
H21H2 +
y4
(1−y4)3
H41 , if (α, β) = (2, 0) mod 4,
(A.18)
– 89 –
hence for β = 0 mod 4 in the chamber Jǫ,1,
hFm4,0 = (y
17 + 2y15 + 6y13 + 12y11 + 23y9 + 32y7 + 43y549y3 + 52y + . . . )q4 + . . . , (A.19)
hFm4,±F = (y
9 + 2y7 + 6y5 + 11y3 + 15y + . . . )q3
+(y17 + 3y15 + 9y13 + 22y11 + 49y9 + 92y7 + 158y5 + 230y3 + 282y + . . . )q4 + . . . ,
hFm4,±2F = (y
9 + 3y7 + 7y5 + 13y3 + 16y + . . . )q3,
+
(
y17 + 3y15 + 10y13 + 24y11 + 55y9 + 103y7 + 173y5 + 243y3 + 288y + . . .
)
q4 + . . . ,
and 0 for β 6= 0 mod 4.
The HFm2,c1,J for other chambers can be obtained by again applying the Joyce wall-crossing
formula. For N = 2 and arbitrary Fm , one finds [22, (5.14)], for 0 < v ≪ ǫ≪ 1,
HFm2,βC−αF,Jm1,m2
= HFm2,βC−αF,Jǫ,1 (A.20)
+
1
2
(hFm1 )
2
∑
a∈Z+12α
b∈Z+12β
[sgn[2bm2 − 2m1a + v]− sgn(2b− 2aǫ+ v)] y−2(m−2)b−4a qmb2+2ab.
In the next subsections we consider the cases m = 0, 1, 2 in more detail. We shall be inter-
ested in particular in the canonical chamber J = c1(S), where the modular properties of the
generating functions are expected to be simpler, and for m = 1 in the chamber J = C + F ,
where the VW invariants of F1 are related to those of P
2 by the blow-up formula.
A.1.1 F0
For m = 0 in the chamber J = c1(S), i.e. (m1, m2) = (2, 2), we find [22, Table 6][121, (4.36)]
hF02,(0,0) = (y
5 + 2y3 + 3y + . . . )q2 + (y9 + 3y7 + 8y5 + 16y3 + 20y + . . . )q3 (A.21)
+(y13 + 3y11 + 10y9 + 24y7 + 51y5 + 83y3 + 104y + . . . )q4 + . . . ,
hF02,(0,1) = (y + 1/y) q + (y
5 + 3y3 + 7y + . . . )q2
+(y9 + 3y7 + 10y5 + 22y3 + 37y + . . . )q3 + . . . ,
hF02,(1,1) = (y
3 + y + . . . )q2 + (y7 + 3y5 + 7y3 + 9y + . . . )q3 + . . . .
Away from the canonical chamber, we find from (A.20) the following wall-crossing phenomena
as a function of η = m1/m2 (assuming m1, m2 > 0):
• (α, β) = (0, 0): for c2 = 1, 2, 3, the result above holds for any η > 0. For c2 = 4, it holds
for 1/2 < η < 2, while the index equals y13+3y11+10y9+24y7+51y5+82y3+103y+ . . .
outside this range;
• (α, β) = (1, 0): for c2 = 1, the index is y+1/y for η < 2, vanishes otherwise; for c2 = 2,
the result above holds for 0 < η < 2; for 2 < η < 4, the index jumps to y5+y3+y+ . . . ,
and vanishes for η > 4. For c2 = 3, the result above holds for 2/3 < η < 2, for η < 2/3 it
jumps to y9+3y7+10y5+22y3+36y+. . . ; for 2 < η < 4 to y9+3y7+7y5+9y3+9y+. . . ;
for 4 < η < 6, y9 + y7 + y5 + y3 + y + . . . ; for η > 6 it vanishes;
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• (α, β) = (1, 1): for c2 = 2 the result above holds for 1/3 < η < 3, while the index
vanishes outside this window; for c2 = 3, the index vanishes for η < 1/5 or η > 5, is
given by the result above for 1/3 < η < 3, and by y7+y5+y3+y+ . . . for 1/5 < η < 1/3
or 3 < η < 5.
For rank 3 in the chamber J = c1(S), [22, Table 13] gives
hF03,(0,0) = (y
11 + 2y9 + 5y7 + 8y5 + 9y3 + 10y + . . . )q3 (A.22)
+(y17 + 3y15 + 9y13 + 21y11 + 44y9 + 74y7 + 106y5 + 124y3 + 133y + . . . )q4 + . . . .
A.1.2 F1
For N = 2, c1 = (c1,H , c1,C) in the canonical chamber we find from (A.20)
hF12,(0,0) = (y
5 + 2y3 + 3y + . . . )q2 + (y9 + 3y7 + 8y5 + 16y3 + 21y + . . . )q3
+(y13 + 3y11 + 10y9 + 24y7 + 51y5 + 84y3 + 109y + . . . )q4 + . . . ,
hF12,(0,1) = (y
2 + 1 + 1/y2)q + (y6 + 3y4 + 7y2 + 9 + . . . )q2
+(y10 + 3y8 + 10y6 + 22y4 + 40y2 + 47 + . . . )q3
+(y14 + 3y12 + 10y10 + 26y8 + 60y6 + 114y4 + 177y2 + 205 + . . . )q4 + . . . ,
hF12,(1,0) = q +
(
y4 + 3y2 + 5 + . . .
)
q2 +
(
y8 + 3y6 + 10y4 + 19y2 + 27 + . . .
)
q3 + . . . ,
hF12,(1,1) = (y + 1/y)q + (y
5 + 3y3 + 7y + . . . )q2
+
(
y9 + 3y7 + 10y5 + 22y3 + 36y + . . .
)
q3 + . . . . (A.23)
Away from the canonical chamber, we find the following wall-crossing phenomena from
(A.20) (with η = m1/m2 assuming m1, m2 > 0):
• No η dependence for (α, β) = (1, 0) i.e. (c1,H , c1,C) = (1, 1) mod 2, c2 = 1, 2, 3.
• For (α, β) = (0, 1) i.e. (c1,H , c1,C) = (0, 1) mod 2: for c2 = 1, the index is y2 +1+ 1/y2
for η > 1/2, vanishes otherwise; for c2 = 2, the index is y
6 + 3y4 + 7y2 + 9 + . . . for
η > 1/2, y6 + y4 + y2 + 1 + . . . for 1/4 < η < 1/2, 0 otherwise;
• For (α, β) = (1, 1) (c1,H , c1,C) = (1, 0) mod 2: for c2 = 1, the index is 1 for η > 1,
vanishes otherwise; for c2 = 2, the index is y
4+3y2+5+ . . . for η > 1, y4+ y2+1+ . . .
for 1/3 < η < 1, 0 otherwise;
• For (α, β) = (0, 0): for c2 = 1, 2, the index is constant; for c2 = 3, the index is
y9 + 3y7 + 8y5 + 16y3 + 21y + . . . for η > 1, y9 + 3y7 + 8y5 + 16y3 + 20y + . . . for
0 < η < 1.
At higher rank, the VW invariants can be obtained from those on P2 given in the next
section using the blow-up formula (A.33). For N = 3 in the blow-up chamber J ∝ H , we get
hF13,(0,0) = (y
10 + 2y8 + 5y6 + 8y4 + 10y2 + 11 + . . . )q3 (A.24)
+(y16 + 3y14 + 9y12 + 21y10 + 44y8 + 75y6 + 111y4 + 137y2 + 149 + . . . )q4 + . . .
hF13,(±1,0) = (y
2 + 1 + 1/y2)q2 +
(
y8 + 3y6 + 8y4 + 14y2 + 17 + . . .
)
q3 + . . . ,
hF13,(±1,±1) =
(
y4 + 2y2 + 3 + . . .
)
q2 +
(
y10 + 3y8 + 9y6 + 19y4 + 31y2 + 36 + . . .
)
q3 + . . . ,
hF13,(±1,∓1) =
(
y4 + 2y2 + 3 + . . .
)
q +
(
y10 + 3y8 + 9y6 + 19y4 + 31y2 + 36 + . . .
)
q2 + . . . ,(A.25)
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For N = 4 in the same chamber,
hF14,(1,0) = (y
6 + y4 + 3y2 + 3 + . . . )q3
+(y14 + 3y12 + 8y10 + 18y8 + 34y6 + 53y4 + 71y2 + 78 + . . . )q4 + . . . ,
hF14,(1,±1) = (y
9 + 2y7 + 5y5 + 8y3 + 10y + . . . )q3
+(y17 + 3y15 + 9y13 + 21y11 + 45y9 + 81y7 + 130y5 + 177y3 + 207y + . . . )q4 + . . . ,
hF14,(1,2) = (y
10 + 2y8 + 6y6 + 9y4 + 14y2 + 14 + . . . )q2 +
(
y18 + 3y16 + 9y14
+22y12 + 47y10 + 89y8 + 149y6 + 214y4 + 268y2 + 288 + . . .
)
q3 + . . . , (A.26)
A.1.3 Higher Fm’s
For m even, changing variables from a to a′ = a+ m
2
b in the sum, we get
∑
a′∈Z+12α
′
b∈Z+12β
[sgn[2bm′2 − 2m1a′ + v]− sgn((2−mǫ)b− 2a′ǫ+ v)] y4(b−a
′) q2a
′b, (A.27)
which is the same sum as for F0, with shifted first Chern class α
′ = α+ m
2
β and Ka¨hler class
m′2 = m2 +
m
2
m1. Similarly, for m odd, changing variables from a to a
′ = a + m−1
2
b in the
sum, we get∑
a′∈Z+12α
′
b∈Z+12β
[sgn[2bm′2 − 2m1a′ + v]− sgn((2− (m− 1)ǫ)b− 2a′ǫ+ v)] y2b−4a
′
qb
2+2a′b, (A.28)
which is the same sum as for F1, with shifted first Chern class α
′ = α+ m−1
2
β and Ka¨hler class
m′2 = m2 +
m−1
2
m1. Thus, the VW invariants for Fm depend only on m modulo 2, provided
the polarization is suitably adjusted.
For example, for m = 2, we get as a function of η > 0 (with η = +∞ the canonical
chamber)
• No dependence for (α, β) = (0, 0), c2 ≤ 3:
hF22,(0,0) = (y
5 + 2y3 + 5y+ . . . )q2 + (y9 + 3y7 + 8y5+ 16y3 + 20y+ . . . )q3 + . . . , (A.29)
which coincides with h2,(0,0) for F0 in (A.21).
• For (α, β) = (1, 0), hF22,(1,0) ={
η > 2 : (y + 1/y)q + (y5 + 3y3 + 7y + . . . )q2 + (y9 + 3y7 + 10y5 + 22y3 + 37y + . . . )q3 + . . . ,
η < 2 : (y + 1/y)q + (y5 + 3y3 + 7y + . . . )q2 + (y9 + 3y7 + 10y5 + 22y3 + 36y + . . . )q3 + . . . ,
(A.30)
which for η > 2 coincides with h2,(1,0) for F0 in (A.21).
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• For (α, β) = (0, 1), hF22,(0,1) =
η > 1
2
: (y3 + y + . . . )q + (y7 + 3y5 + 7y3 + 9y + . . . )q2
+(y11 + 3y9 + 10y7 + 22y5 + 40y3 + 50y + . . . )q3 + . . . ,
1
4
< η < 1
2
: (y7 + y5 + y3 + y + . . . )q2 + (y11 + 3y9 + 7y7 + 9y5 + 9y3 + 9y + . . . )q3 + . . . ,
1
6
< η < 1
4
: (y11 + y9 + y7 + y5 + y3 + y + . . . )q3 + . . . ,
η < 1
6
0 q + 0 q2 + 0q3 + . . . ,
(A.31)
which for η > 1/2 coincides with h2,(1,1) for F0 in (A.21).
• For (α, β) = (1, 1), hF22,(1,1) =
η > 1 : (y + 1/y)q + (y5 + 3y3 + 7y + . . . )q2
+(y9 + 3y7 + 10y5 + 22y3 + 37y + . . . )q3 + . . . ,
1
3
< η < 2 : (y5 + y3 + y + . . . )q2 + (y9 + 3y7 + 7y5 + 9y3 + 9y + . . . )q3 + . . . ,
1
5
< η < 2 : (y9 + y7 + y5 + y3 + y + . . . )q3 + . . . ,
η < 1
5
0 q + 0 q2 + 0q3 + . . . ,
(A.32)
which for η > 2 coincides with h2,(0,1) for F0 in (A.21).
A.2 P2
In order to compute VW invariants of P2, one strategy is to first compute the VW invariants
of the Hirzebruch surface F1 in a suitable chamber J1,0 (where Jm1,m2 = m1(C +F ) +m2F =
(m1 +m2)H −m2C) and then apply the blow-up formula (A.9) in the form
HP2N,µ(τ, w) =
HF1N,(−µ,µ),J1,0(τ, w)
BN,0(τ, w)
. (A.33)
The stack invariants of F1 in the chamber J1,0 are obtained from those in the chamber Jǫ,1 by
applying the wall-crossing formula. This results in [21, (4.7)]
HF1N,−aF+bC,J1,0(τ, w) =
∑
N1+···+Nℓ=N,Ni∈N∗
Ψa,bN1,...,Nℓ(τ, w)
ℓ∏
j=1
HNj(τ, w), (A.34)
where the the generating functions HN are defined in (A.11) and the generalized Appell
functions Ψ are defined as follows [21, Prop. 4.1]
Ψa,bN1,...,Nℓ(τ, w) =
∑
N1k1+···+Nℓkℓ=b,
ki∈Z
y
∑
j<i NiNj(ki−kj)+2
∑ℓ
i=2(Ni+Ni−1){
a
N
∑ℓ
k=iNk}∏ℓ
i=2 (1− y2(Ni+Ni−1)qki−1−ki)
× q
∑ℓ
i=1
Ni(N−Ni)
2N
k2i−
1
N
∑
i<j NiNjkikj+
∑ℓ
i=2(ki−1−ki){
a
N
∑ℓ
k=iNk}, (A.35)
where N = N1 + · · ·+ Nℓ. Note that when µ = 0 mod N , there is a contribution HN from
ℓ = 1. Applying these formulae, one finds
hP
2
2,0 =
H2 +Ψ
0,0
1,1H
2
1
B2,0
− 1
2
(hP
2
1 )
2 , hP
2
2,1 =
Ψ−1,11,1 H
2
1
B2,0
, (A.36)
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leading to the generating functions of rank 2 VW invariants [116, 64]
hP
2
2,0 = q
1/4(y − 1/y)
(
hP
2
2,0(τ, w) +
1
2
hP
2
1 (2τ, 2w)
)
=
(
y5 + y3 + y + y−1 + y−3 + y−5
)
q2 +
(
y9 + 2y7 + 4y5 + 6y3 + 6y + . . .
)
q3
+
(
y13 + 2y11 + 6y9 + 11y7 + 19y5 + 24y3 + 27y + . . .
)
q4 + . . . ,
hP
2
2,1 = q
1/2(y − 1/y)hP22,1
= q +
(
y2 + 1 + y−2
)2
q2 + q3
(
y8 + 2y6 + 6y4 + 9y2 + 12 + . . .
)
+ . . . . (A.37)
For N = 3,
hP
2
3,0 =
H3 +
(
Ψ0,01,2 +Ψ
0,0
2,1
)
H1H2 +Ψ
0,0
1,1,1H
3
1
B3,0
− hP22,0hP
2
1 −
1
6
(hP
2
1 )
3 ,
hP
2
3,1 =
(
Ψ−1,11,2 +Ψ
−1,1
2,1
)
H1H2 +Ψ
−1,1
1,1,1H
3
1
B3,0
, (A.38)
leading to the generating functions of rank 3 VW invariants
hP
2
3,0 = q
3/8(y − 1/y)
(
hP
2
3,0(τ, w)−
1
3
hP
2
1 (3τ, 3w)
)
=
(
y10 + y8 + 2y6 + 2y4 + 2y2 + 2 + . . .
)
q3
+
(
y16 + 2y14 + 5y12 + 9y10 + 15y8 + 19y6 + 22y4 + 23y2 + 24 + . . .
)
q4 + . . . ,
hP
2
3,1 = q
17/24(y − 1/y)hP23,±1
= q2
(
y2 + 1 +
1
y2
)
+ q3
(
y8 + 2y6 + 5y4 + 8y2 + 10 + . . .
)
+q4
(
y14 + 2y12 + 6y10 + 12y8 + 24y6 + 38y4 + 54y2 + 59 + . . .
)
+q5
(
y20 + 2y18 + 6y16 + 13y14 + 28y12 + 52y10 + 94y8 + 149y6 + 217y4
+273y2 + 298 + . . .
)
+ . . . . (A.39)
For N = 4,
hP
2
4,0 =
1
B4,0
[
H4 + 2Ψ
0,0
3,1H1H3 +Ψ
0,0
2,2H
2
2 +
(
Ψ0,01,2,1 + 2Ψ
0,0
2,1,1
)
H21 H2 +Ψ
0,0
1,1,1,1H
4
1
]
−1
2
(hP
2
1 )
2 hP
2
2,0 − hP
2
1 h
P2
3,0 −
1
2
(hP
2
2 )
2 − 1
24
(hP
2
1 )
4,
hP
2
4,1 =
1
B4,0
[(
Ψ−1,13,1 +Ψ
−1,1
1,3
)
H1H3 +
(
Ψ−1,12,1,1 +Ψ
−1,1
1,2,1 +Ψ
−1,1
1,1,2
)
H21 H2 +Ψ
−1,1
1,1,1,1H
4
1
]
,
hP
2
4,2 =
1
B4,0
[
2Ψ−2,23,1 H1H3 +Ψ
−2,2
2,2 H
2
2 +
(
2Ψ−2,22,1,1 +Ψ
−2,2
1,2,1
)
H21 H2 +Ψ
−2,2
1,1,1,1H
4
1
]− 1
2
(hP
2
2,1)
2,
(A.40)
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leading to the generating functions of rank 4 VW invariants
hP
2
4,0 = q
1/2(y − 1/y)
(
hP
2
4,0 −
1
2
hP
2
2,0(2τ, 2w)
)
= q4
(
y17 + y15 + 3y13 + 4y11 + 6y9 + 6y7 + 7y5 + 7y3 + 7y + . . .
)
+q5
(
y25 + 2y23 + 5y21 + 10y19 + 19y17 + 32y15 + 49y13 + 68y11 + 85y9 + 98y7 + 107y5
+112y3 + 114y + . . .
)
+ . . . , (A.41)
hP
2
4,1 = q
3
(
y6 + y4 + 3y2 + 3 + . . .
)
+ q4
(
y14 + 2y12 + 5y10 + 10y8 + 18y6 + 28y4 + 38y2 + 42 + . . .
)
+q5
(
y22 + 2y20 + 6y18 + 12y16 + 26y14 + 46y12 + 83y10 + 131y8 + 200y6
+268y4 + 332y2 + 351 + . . .
)
+ . . . ,
hP
2
4,2 = q
2(y − 1/y)
[
hP
2
4,2 +
1
2
hP
2
2,1(2τ, 2w)
]
= q4
(
y5 + y3 + y + . . .
)
+ q5
(
y13 + 2y11 + 6y9 + 10y7 + 17y5 + 21y3 + 24y + . . .
)
+q6
(
y21 + 2y19 + 6y17 + 13y15 + 27y13 + 49y11 + 84y9 + 126y7 + 173y5 + 211y3 + 231y + . . .
)
+ . . . .
Note that hP
2
4,2 is consistent with the results in [21, Table 1].
For N = 5,
hP
2
5,0 =
1
B5,0
[
H5 + 2Ψ
0,0
1,4H1H4 + 2Ψ
0,0
3,2H2H3 +
(
2Ψ0,02,2,1 + Ψ
0,0
2,1,2
)
H22H1
+
(
2Ψ0,02,1,1,1 + 2Ψ
0,0
1,2,1,1
)
H31 H2 +
(
2Ψ0,03,1,1 +Ψ
0,0
1,3,1
)
H21 H3 +Ψ
0,0
1,1,1,1,1H
5
1
]
− 1
120
(hP
2
1 )
5 − 1
6
hP
2
2,0(h
P2
1 )
3 − 1
2
hP
2
3,0(h
P2
1 )
2 − 1
2
(hP
2
2,0)
2hP
2
1 − hP
2
4,0h
P2
1 − hP
2
2,0h
P2
3,0,
hP
2
5,1 =
1
B5,0
[
H5 + 2Ψ
−1,1
1,4 H1H4 + 2Ψ
−1,1
3,2 H2H3 +
(
2Ψ−1,12,2,1 +Ψ
−1,1
2,1,2
)
H22H1 (A.42)
+
(
2Ψ−1,12,1,1,1 + 2Ψ
−1,1
1,2,1,1
)
H31 H2 +
(
2Ψ−1,13,1,1 +Ψ
−1,1
1,3,1
)
H21 H3 +Ψ
−1,1
1,1,1,1,1H
5
1
]
,
hP
2
5,2 =
1
B5,0
[
H5 + 2Ψ
−2,2
1,4 H1H4 + 2Ψ
−2,2
3,2 H2H3 +
(
2Ψ−2,22,2,1 +Ψ
−2,2
2,1,2
)
H22H1
+
(
2Ψ−2,22,1,1,1 + 2Ψ
−2,2
1,2,1,1
)
H31 H2 +
(
2Ψ−2,23,1,1 +Ψ
−2,2
1,3,1
)
H21 H3 +Ψ
−2,2
1,1,1,1,1H
5
1
]
,
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leading to
hP
2
5,0 = q
5/8(y − 1/y)
[
hP
2
5,0 −
1
5
h1(5τ, 5w)
]
= q5
(
y26 + y24 + 3y22 + 5y20 + 9y18 + 13y16 + 18y14 + 22y12 + 26y10
+28y8 + 30y6 + 30y4 + 31y2 + 31 + . . .
)
+ . . . ,
+q6
(
y36 + 2y34 + 5y32 + 10y30 + 20y28 + 35y26 + 61y24 + 96y22 + 148y20 + 212y18
+289y16 + 368y14 + 446y12 + 509y10 + 561y8 + 596y6 + 620y4 + 632y2 + 638 + . . .
)
+ . . . ,
hP
2
5,1 = q
4
(
y12 + y10 + 3y8 + 5y6 + 8y4 + 10y2 + 12 + . . .
)
+ q5
(
y22 + 2y20 + 5y18
+10y16 + 20y14 + 34y12 + 57y10 + 87y8 + 126y6 + 165y4 + 198y2 + 210 + . . .
)
+q6
(
y32 + 2y30 + 6y28 + 12y26 + 26y24 + 48y22 + 89y20 + 150y18 + 251y16 + 393y14
+600y12 + 865y10 + 1201y8 + 1564y6 + 1921y4 + 2177y2 + 2280 + . . .
)
+ . . . ,
hP
2
5,2 = q
4 + q5
(
y10 + 2y8 + 5y6 + 8y4 + 13y2 + 14 + . . .
)
+ q6
(
y20 + 2y18 + 6y16
+12y14 + 25y12 + 44y10 + 76y8 + 114y6 + 161y4 + 196y2 + 214 + . . .
)
+ . . . . (A.43)
A.3 Higher del Pezzo surfaces
We now turn to the del Pezzo surfaces dPk with k ≥ 2. Since dPk is the blow-up of dPk−1
at one point, the generating function of stack invariants can be obtained by applying the
blow-up formula (A.9) iteratively:
HdPkN,µ0H−µiCi,H(τ, w) = H
P2
N,µ0(τ, w)
k∏
i=1
BN,µi(τ, w) (A.44)
where we identified the hyperplane class H on P2 with its pull-back π∗(H) to dPk. In general
however, the polarization J = H is not generic, and we choose to deform it to J = Hǫ :=
H + ǫc1(S) where 0 < ǫ ≪ 1. For µ0 6= 0 mod N , the stack invariants do not change under
this deformation, but for µ0 = 0 mod N , there are sheaves which are strictly semi-stable for
J but unstable for Jǫ and their contribution must be subtracted from (A.44). In addition,
even at Jǫ there are strictly semi-stable sheaves which must be taken into account in obtaining
the rational invariants from the stack invariants. We shall now spell out this procedure for
N = 2 and N = 3, before tabulating results for all del Pezzo surfaces with k ≤ 8.
A.3.1 Rank N = 2 and 3 for µ0 6= 0 mod N
For N = 2 with µ0 6= 0 mod 2, we get for any k ≥ 1 and J = Hǫ
h
dPk
2,H = q +
(
y4 + (k + 2)y2 + (2k + 3) + . . .
)
q2
+
(
y8 + (k + 2)y6 + 1
2
(k + 3)(k + 4)y4 + (9 + 8k + 2k2)y2 + 3(k + 2)2 + . . .
)
q3 + . . . ,
h
dPk
2,H−C1
= (y + 1/y) q +
(
y5 + (k + 2)y3 + (3k + 4) + . . .
)
q2
+
(
y9 + (k + 2)y7 + 1
2
(k + 3)(k + 4)y5 + 1
2
(22 + 17k + 5k2)y3
+ (15 + 16k + 5k2)y + . . .
)
q3 + . . . ,
h
dPk
2,H−C1−C2
= (y2 + 2 + 1/y2) q +
(
y6 + (k + 2)y4 + (4k + 4)y2 + 6k + 6 + . . .
)
q2
+
(
y10 + (k + 2)y8 + 1
2
(k + 3)(k + 4)y6 + (13 + 8k + 3k2)y4
+ 1
2
(28 + 35k + 15k2)y2 + (22 + 24k + 10k2) . . .
)
q3 + . . . . (A.45)
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More generally,
h
dPk
2,H−C1−···−Cℓ
= (y + 1/y)ℓ
[
q + (y4 + (k − ℓ+ 2)y2 + (2k + 3) + . . . )q2 (A.46)
+
(
y8 + (k − ℓ+ 2)y6 + 1
2
(
k2 − 2ℓk + 7k + ℓ2 − 3ℓ+ 12) y4
+
(
2k2 − 2ℓk + 8k − 3ℓ+ 9) y2 + (3k2 − 2ℓk + 12k + ℓ2 − 4ℓ+ 12)+ . . . ) q3 + . . . ] .
For N = 3, µ0 6= 0 mod N , we get for any k ≥ 1 and J = Hǫ
h
dPk
3,H = (y
2 + 1 + 1/y2) q2
+
(
y8 + (k + 2)y6 + (3k + 5)y4 + (6k + 8)y2 + 7k + 10 + . . .
)
q3 + . . .
h
dPk
3,H−C1
= (y4 + 2y2 + 3 + . . . ) q2 +
(
y10 + (k + 2)y8 + (4k + 5)y6
+(10k + 9)y4 + (16k + 15)y2 + 19k + 17 + . . .
)
q3 + . . .
h
dPk
3,H−2C1
= (y4 + 2y2 + 3 + . . . ) q
(
y10 + (k + 2)y8 + (4k + 5)y6
+(10k + 9)y4 + (16k + 15)y2 + 19k + 17 + . . .
)
q2 + . . .
h
dPk
3,H−C1−C2
= (y6 + 3y4 + 6y2 + 7 + . . . ) q2 +
(
y12 + (k + 2)y10 + (4k + 5)y8 + (15k + 6)y6
+(30k + 12)y4 + (45k + 18)y2 + 51k + 22 + . . .
)
q3 + . . .
h
dPk
3,H−2C1−C2
= (y6 + 3y4 + 6y2 + 7 + . . . ) q +
(
y12 + (k + 2)y10 + (4k + 5)y8 + (15k + 6)y6
+(30k + 12)y4 + (45k + 18)y2 + 51k + 22 + . . .
)
q2 + . . . (A.47)
A.3.2 Rank N = 2 and 3 for µ0 = 0 mod N
We next consider N = 2 and µ0 = 0 mod 2. To determine the generating function of rational
invariants hdPkr,µ,J(τ, w), we have to subtract from H2,c1 contributions from sheaves which are
strictly semi-stable for J = H but unstable for J = Hε. Such sheaves exist only for µ0 even,
and have an Harder-Narasimhan (HN) filtration of the form 0 = F0 ⊂ F1 ⊂ F2 = F , with
quotients Ei = Fi/Fi−1 of rank 1. The stability conditions imply for these filtrations imply
1) strictly semi-stable for J = H : νH(E1)− νH(E2) = 0,
2) unstable for J = Hǫ : νHǫ(E1)− νHǫ(E2) > 0.
(A.48)
Subtracting the two equations gives(
c1(E1)
N1
− c1(E2)
N2
)
· c1(S) > 0 . (A.49)
The contribution of such a filtration to the stack invariant Iνγ1+γ2,H(y) is
y−(N2c1(E1)−N1c1(E2))·c1(S) Iνγ1,H(y) Iνγ2,H(y), (A.50)
which should be subtracted in order to arrive at Iνγ1+γ2,Hǫ(y). To determine the generating
series, we denote c1(E2) = (0, m1, . . . , mk) and c1 := c1(E) = a1C1 + · · · + akCk, such that
(A.49) becomes
∑
i(2mi − ai) > 0. As a result, the HdPk2,c1,J are given for the polarization Hǫ
by
HdPk2,a1C1+···+akCk,Hǫ(τ, w) = H
dPk
2,a1C1+···+akCk ,H
(τ, w)− (hdPk1 )2
∑
bi∈Z,
∑
i bi>0
bi=ai mod 2
y−
∑
i biq
1
4
∑
i b
2
i ,
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where we have set bi = 2mi − ai.
We can then obtain hdPk2,c1 by using (A.5). The polarization Hǫ is not generic for dPk with
k > 1. The Chern classes which have the same slope for J = H and for J = Hǫ differ
by elements of H2(S) which are orthogonal to c1(S) and correspond to vectors bi such that∑
i bi = 0. Altogether, we arrive at
hdPk2,a1C1+···+akCk ,Hǫ(τ, w) = H
dPk
2,a1C1+···+akCk,Hǫ
(τ, w)− 1
2
(hdPk1 )
2
∑
bi∈Z,
∑
i bi=0
bi=ai mod 2
q
1
4
∑
i b
2
i . (A.51)
For µ0 = 0 mod 3, there are similarly strictly semi-stable sheaves for J = H , which
become unstable for J = Hε. Their HN filtration is either of the previous form with (E1, E2)
of rank (1, 2) or (2, 1), or 0 = F0 ⊂ F1 ⊂ F2 ⊂ F3 = F , with quotients Ei = Fi/Fi−1 of rank
1. Similar reasoning to the above leads to the relations
HdPk3,(0,ci),Hǫ = H
dPk
3,(0,ci),H
− hdPk1
 ∑
bi∈Z−
1
3 ci∑
i bi>0
HdPk
2,(0,bi−
2
3
ci),H
y−3
∑
i biq
3
4
∑
i b
2
i +
∑
bi∈Z−
2
3 ci∑
i bi>0
HdPk
2,(0,bi+
2
3
ci),H
y−3
∑
i biq
3
4
∑
i b
2
i

+
(
hdPk1
)3 ∑
b1,i,b2,i∈Z−
1
3 ci∑
i b1,i>0;
∑
i b1,i+b2,i>0
y−4
∑
i b1,i−2
∑
i b2,iq
∑
i(b
2
1,i+b
2
2,i+b1,ib2,i),
(A.52)
and
hdPk3,(0,ci),Hǫ = H
dPk
3,(0,ci),Hǫ
− 1
2
hdPk1
 ∑
bi∈Z−
1
3 ci∑
i bi=0
HdPk
2,(0,bi−
2
3
ci),Hǫ
q
3
4
∑
i b
2
i +
∑
bi∈Z−
2
3 ci∑
i bi=0
HdPk
2,(0,bi+
2
3
ci),Hǫ
q
3
4
∑
i b
2
i

+
1
3
(
hdPk1
)3 ∑
b1,i,b2,i∈Z−ci/3∑
i b1,i=0;
∑
i b1,i+b2,i=0
q
∑
i(b
2
1,i+b
2
2,i+b1,ib2,i).
(A.53)
In the next subsections we list the first few terms in the generating functions of integer VW
invariants with µ0 in the chamber J
′ ∝ Hǫ at rank 2 and 3. For N = 2 (respectively N = 3)
we choose a representative with ci ∈ {0, 1} (respectively ci ∈ {−1, 0, 1}). The result is of
course invariant under permutations of the ci’s.
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A.3.3 dP2
hdP22,000 =
(
y5 + 3y3 + 6y + . . .
)
q2 +
(
y9 + 4y7 + 13y5 + 32y3 + 51y + . . .
)
q3
+
(
y13 + 4y11 + 15y9 + 43y7 + 107y5 + 210y3 + 309y + . . .
)
q4 + . . . ,
hdP22,010 =
(
y2 + 2 + . . .
)
q +
(
y6 + 4y4 + 12y2 + 19 + . . .
)
q2
+
(
y10 + 4y8 + 15y6 + 41y4 + 87y2 + 119 + . . .
)
q3
+
(
y14 + 4y12 + 15y10 + 45y8 + 120y6 + 266y4 + 475y2 + 603 + . . .
)
q4 + . . . ,
hdP22,011 =
(
y3 + 2y + . . .
)
q +
(
y7 + 4y5 + 12y3 + 21y + . . .
)
q2
+
(
y11 + 4y9 + 15y7 + 41y5 + 90y3 + 138y + . . .
)
q3
+
(
y15 + 4y13 + 15y11 + 45y9 + 120y7 + 270y5 + 504y3 + 713y + . . .
)
q4
+ . . . , (A.54)
hdP23,000 = (y
10 + 3y8 + 9y6 + 19y4 + 28y2 + 33 + . . . )q3 + . . . ,
hdP23,0±0 = (y
6 + 3y4 + 8y2 + 10 + . . . )q2
+(y12 + 4y10 + 14y8 + 38y6 + 84y4 + 145y2 + 177 + . . . )q3 + . . . ,
hdP23,0±± = (y
2 + 1 + . . . )q + (y8 + 4y6 + 12y4 + 25y2 + 33 + . . . )q2 +
(y14 + 4y12 + 15y10 + 42y8 + 105y6 + 212y4 + 350y2 + 417 + . . . )q3 + . . . ,
hdP23,0±∓ = (y
8 + 3y6 + 8y4 + 12y2 + 15 + . . . )q2
+(y14 + 4y12 + 14y10 + 38y8 + 86y6 + 158y4 + 228y2 + 259 + . . . )q3
+ . . . . (A.55)
A.3.4 dP3
hdP32,0000 = (y
5 + 4y3 + 10y + . . . )q2 + (y9 + 5y7 + 19y5 + 55y3 + 102y + . . . )q3
+(y13 + 5y11 + 21y9 + 69y7 + 195y5 + 438y3 + 717y + . . . )q4 + . . . ,
hdP32,0100 = (y
2 + 3 + . . . )q + (y6 + 5y4 + 18y2 + 34 + . . . )q2
+(y10 + 5y8 + 21y6 + 67y4 + 163y2 + 251 + . . . )q3
+(y14 + 5y12 + 21y10 + 71y8 + 212y6 + 532y4 + 1066y2 + 1470 + . . . )q4 + . . . ,
hdP32,0110 = (y
3 + 3y + . . . )q + (y7 + 5y5 + 18y3 + 38 + . . . )q2
+(y11 + 5y9 + 21y7 + 67y5 + 169y3 + 295y + . . . )q3
+(y15 + 5y13 + 21y11 + 71y9 + 212y7 + 540y5 + 1134y3 + 1769y + . . . )q4 + . . . ,
hdP32,0111 = 1 + (y
4 + 5y2 + y2 + 12 + 1/y2)q + (y8 + 5y6 + 21y4 + 58y2 + 100 + . . . )q2
+(y12 + 5y10 + 21y8 + 71y6 + 200y4 + 435y2 + 634 + . . . )q3
+(y16 + 5y14 + 21y12 + 71y10 + 217y8 + 582y6 + 1355y4 + 2536y2 + 3378 + . . . )q4
+ . . . , (A.56)
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hdP33,0000 = (y
10 + 4y8 + 14y6 + 36y4 + 61y2 + 74 + . . . )q3 + . . . ,
hdP33,0±00 = (y
6 + 4y4 + 13y2 + 20 + . . . )q2
+(y12 + 5y10 + 20y8 + 63y6 + 160y4 + 317y2 + 422 + . . . )q3 + . . . ,
hdP33,0±±0 = (y
2 + 2 + . . . )q + (y8 + 5y6 + 18y4 + 45y2 + 68 + . . . )q2 +
(y14 + 5y12 + 21y10 + 68y8 + 191y6 + 442y4 + 817y2 + 1053 + . . . )q3 + . . . ,
hdP33,0±∓0 = (y
8 + 4y6 + 13y4 + 24y2 + 30 + . . . )q2 +
(y14 + 5y12 + 20y10 + 63y8 + 164y6 + 347y4 + 557y2 + 650 + . . . )q3 + . . . ,
hdP33,0±±± = (y
4 + 2y2 + 3 + . . . )q + (y10 + 5y8 + 18y6 + 47y4 + 85y2 + 102 + . . . )q2
+(y16 + 5y14 + 21y12 + 68y10 + 193y8 + 459y6 + 916y4 + 1418y2 + 1641 + . . . )q3
+ . . . ,
hdP33,0±±∓ = (y
4 + 4y2 + 8 + . . . )q + (y10 + 5y8 + 20y6 + 58y4 + 129y2 + 181 + . . . )q2
+(y16 + 5y14 + 21y12 + 70y10 + 204y8 + 515y6 + 1112y4 + 1930y2 + 2423 + . . . )q3
+ . . . . (A.57)
A.3.5 dP4
hdP42,00000 = (y
5 + 5y3 + 15y + . . . )q2 + (y9 + 6y7 + 26y5 + 86y3 + 180y + . . . )q3
+(y13 + 6y11 + 28y9 + 103y7 + 324y5 + 812y3 + 1452y + . . . )q4 + . . . ,
hdP42,01000 = (y
2 + 4 + . . . )q + (y6 + 6y4 + 25y2 + 54 + . . . )q2
+(y10 + 6y8 + 28y6 + 101y4 + 275y2 + 465 + . . . )q3
+(y14 + 6y12 + 28y10 + 105y8 + 345y6 + 958y4 + 2110y2 + 3119 + . . . )q4 + . . . ,
hdP42,011000 = (y
3 + 4y + . . . )q + (y7 + 6y5 + 25y3 + 61y + . . . )q2
+(y11 + 6y9 + 28y7 + 101y5 + 286y3 + 553y + . . . )q3
+(y15 + 6y13 + 28y11 + 105y9 + 345y7 + 973y5 + 2253y3 + 3806y + . . . )q4 + . . . ,
hdP42,01110 = 1 + (y
4 + 6y2 + 17 + . . . )q + (y8 + 6y6 + 28y4 + 89y2 + 169 + . . . )q2
+(y12 + 6y10 + 28 . . . )q3
+(y16 + 6y14 + 28y12 + 105y10 + 350y8 + 1031y6 + 2630y4 + 5380y2 + 7606 + . . . )q4
+ . . . ,
hdP42,01111 = (y + 1/y) + (y
5 + 6y3 + 19y + . . . )q + (y9 + 6y7 + 28y5 + 92y3 + 200y + . . . )q2
+(y13 + 6y11 + 28y9 + 105y7 + 333y5 + 843y3 + 1522y + . . . )q3
+(y17 + 6y15 + 28y13 + 105y11 + 350y9 + 1036y7 + 2697y5 + 5825y3 + 9399y + . . . )q4
+ . . . , (A.58)
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hdP43,00000 = (y
10 + 5y8 + 20y6 + 60y4 + 114y2 + 140 + . . . )q3 + . . . ,
hdP43,0±000 = (y
6 + 5y4 + 19y2 + 34 + . . . )q2
+(y12 + 6y10 + 27y8 + 96y6 + 272y4 + 597y2 + 855 + . . . )q3 + . . . ,
hdP43,0±±00 = (y
2 + 3 + . . . )q + (y8 + 6y6 + 25y4 + 71y2 + 120 + . . . )q2 +
(y14 + 6y12 + 28y10 + 102y8 + 316y6 + 810y4 + 1633y2 + 2243 + . . . )q3 + . . . ,
hdP43,0±∓00 = (y
8 + 5y6 + 19y4 + 41y2 + 51 + . . . )q2 +
(y14 + 6y12 + 27y10 + 96y8 + 280y6 + 660y4 + 1151y2 + 1363 + . . . )q3 + . . . ,
hdP43,0±±±0 = (y
4 + 3y2 + 4 + . . . )q + (y10 + 6y8 + 25y6 + 75y4 + 152y2 + 184 + . . . )q2
+ . . . ,
hdP43,0±±∓0 = (y
4 + 5y2 + 12 + . . . )q + (y10 + 6y8 + 27y6 + 89y4 + 220y2 + 338 + . . . )q2
+ . . . ,
hdP43,0±±±± = 1 + (y
6 + 6y4 + 22y2 + 42 + . . . )q
+(y12 + 6y10 + 28y8 + 99y6 + 287y4 + 629y2 + 912 + . . . )q2 + . . . ,
hdP43,0±±±∓ = 1 + (y
6 + 6y4 + 22y2 + 43 + . . . )q
+(y12 + 6y10 + 28y8 + 99y6 + 288y4 + 632y2 + 920 + . . . )q2 + . . . ,
hdP43,0±±∓∓ = (y
6 + 5y4 + 14y2 + 17 + . . . )q
+(y12 + 6y10 + 27y8 + 91y6 + 241y4 + 452y2 + 542 + . . . )q2 + . . . . (A.59)
A.3.6 dP5
hdP52,000000 = (y
5 + 6y3 + 21y + . . . )q2 + (y9 + 7y7 + 34y5 + 126y3 + 291y + . . . )q3 + . . . ,
hdP52,010000 = (y
2 + 5 + . . . )q + (y6 + 7y4 + 33y2 + 79 + . . . )q2
+(y10 + 7y8 + 36y6 + 144y4 + 430y2 + 783 + . . . )q3 + . . . ,
hdP52,011000 = (y
3 + 5y + . . . )q + (y7 + 7y5 + 33y3 + 90y + . . . )q2
+(y11 + 7y9 + 36y7 + 144y5 + 449y3 + 941y + . . . )q3 + . . . ,
hdP52,011100 = 1 + (y
4 + 7y2 + 22 + . . . )q + (y8 + 7y6 + 36y4 + 127y2 + 260 + . . . )q2
+(y12 + 7y10 + 36y8 + 148y6 + 506y4 + 1326y2 + 2218 + . . . )q3 + . . . ,
hdP52,011110 = y + 1/y + (y
5 + 7y3 + 25y+)q
+(y9 + 7y7 + 36y5 + 132y3 + 312y + . . . )q2
+(y13 + 7y11 + 36y9 + 148y7 + 513y5 + 1417y3 + 2738y + . . . )q3 + . . . ,
hdP52,011111 = (y
2 + 5 + . . . ) + (y6 + 7y4 + 33y2 + 78 + . . . )q
+(y10 + 7y8 + 36y6 + 144y4 + 429y2 + 779 + . . . )q2
+(y14 + 7y12 + 36y10 + 148y8 + 529y6 + 1598y4 + 3800y2 + 5938 + . . . ) + . . . ,(A 60)
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hdP53,000000 = (y
10 + 6y8 + 27y6 + 92y4 + 192y2 + 237 + . . . )q3 + . . . ,
hdP53,0±0000 = (y
6 + 6y4 + 26y2 + 52 + . . . )q2 + . . . ,
hdP53,0±±000 = (y
2 + 4 + . . . )q + (y8 + 7y6 + 33y4 + 103y2 + 189 + . . . )q2 + . . . ,
hdP53,0±∓000 = (y
8 + 6y6 + 26y4 + 63y2 + 78 + . . . )q2 + . . . ,
hdP53,0±±±00 = (y
4 + 4y2 + 5 + . . . )q + (y10 + 7y8 + 33y6 + 110y4 + 243y2 + 295 + . . . )q2
+ . . . ,
hdP53,0±±∓00 = (y
4 + 6y2 + 16 + . . . )q + (y10 + 7y8 + 35y6 + 127y4 + 339y2 + 556 + . . . )q2
+ . . . ,
hdP53,0±±±±0 = 1 + (y
6 + 7y4 + 28y2 + 59 + . . . )q + . . . ,
hdP53,0±±±∓0 = 1 + (y
6 + 7y4 + 28y2 + 60 + . . . )q + . . . ,
hdP53,0±±∓∓0 = (y
6 + 6y4 + 19y2 + 23 + . . . )q + . . . ,
hdP53,0±±±±± = (y
2 + 5 + . . . ) + (y8 + 7y6 + 34y4 + 105y2 + 196 + . . . )q + . . . ,
hdP53,0±±±±∓ = (y
2 + 1 + . . . ) + (y8 + 7y6 + 30y4 + 77y2 + 94 + . . . )q + . . . ,
hdP53,0±±±∓∓ = (y
2 + 4 + . . . ) + (y8 + 7y6 + 33y4 + 102y2 + 187 + . . . )q + . . . . (A.61)
A.3.7 dP6
hdP62,0000000 = (y
5 + 7y3 + 28y + . . . )q2 + (y9 + 8y7 + 43y5 + 176y3 + 441y + . . . )q3 + . . . ,
hdP62,0100000 = (y
2 + 6 + . . . )q + (y6 + 8y4 + 42y2 + 109 + . . . )q2
+(y10 + 8y8 + 45y6 + 197y4 + 635y2 + 1227 + . . . )q3 . . . ,
hdP62,0110000 = (y
3 + 6y + . . . )q + (y7 + 8y5 + 42y3 + 125y + . . . )q2
+(y11 + 8y9 + 45y7 + 197y5 + 666y3 + 1488y + . . . ) + . . . ,
hdP62,0111000 = 1 + (y
4 + 8y2 + 27 + . . . )q
+(y8 + 8y6 + 45y4 + 172y2 + 373 + . . . )q2
+(y12 + 8y10 + 45y8 + 201y6 + 740y4 + 2068y2 + 3631 + . . . ) + . . . ,
hdP62,0111100 = (y + 1/y) + (y
5 + 8y3 + 31y + . . . )q
+(y9 + 8y7 + 45y5 + 180y3 + 453y + . . . )q2
+(y13 + 8y11 + 45y9 + 201y7 + 752y5 + 2228y3 + 4537y + . . . )q3 + . . . ,
hdP62,0111110 = (y
2 + 5 + . . . ) + (y6 + 8y4 + 40y2 + 100 + . . . )q
+(y10 + 8y8 + 45y6 + 194y4 + 615y2 + 1170 + . . . )q2
+(y14 + 8y12 + 45y10 + 201y8 + 771y6 + 2489y4 + 6251y2 + 10191 + . . . ) + . . . ,
hdP62,0111111 = (y
3 + 6y + . . . ) + (y7 + 8y5 + 42y3 + 123y + . . . )q
+(y11 + 8y9 + 45y7 + 197y5 + 663y3 + 1471y + . . . )q2
+(y15 + 8y13 + 45y11 + 201y9 + 775y7 + 2562y5 + 6863y3 + 12971y + . . . )q3
+ . . . , (A.62)
– 102 –
hdP63,00000000 = (y
10 + 7y8 + 35y6 + 133y4 + 300y2 + 371 + . . . )q3 + . . . ,
hdP63,0±00000 = (y
6 + 7y4 + 34y2 + 74 + . . . )q2 + . . . ,
hdP63,0±±0000 = (y
2 + 5 + . . . )q + (y8 + 8y6 + 42y4 + 141y2 + 275 + . . . )q2 + . . . ,
hdP63,0±∓0000 = (y
8 + 7y6 + 34y4 + 90y2 + 111 + . . . )q2 + . . . ,
hdP63,0±±±000 = (y
4 + 5y2 + 6 + . . . )q + (y10 + 8y8 + 42y6 + 152y4 + 358y2 + 435 + . . . )q2 + . . . ,
hdP63,0±±∓000 = (y
4 + 7y2 + 20 + . . . )q + (y10 + 8y8 + 44y6 + 172y4 + 486y2 + 835 + . . . )q2 + . . .
hdP63,0±±±±00 = 1 + (y
6 + 8y4 + 34y2 + 76 + . . . )q + . . . ,
hdP63,0±±±∓00 = 1 + (y
6 + 8y4 + 34y2 + 77 + . . . )q + . . . ,
hdP63,0±±∓∓00 = (y
6 + 7y4 + 24y2 + 29 + . . . )q + . . . ,
hdP63,0±±±±±0 = (y
2 + 5 + . . . )q + (y8 + 8y6 + 41y4 + 134y2 + 260 + . . . )q2 + . . . ,
hdP63,0±±±±∓0 = (y
2 + 1 + . . . )q + (y8 + 8y6 + 37y4 + 101y2 + 123 + . . . )q2 + . . . ,
hdP63,0±±±±±± = (y
4 + 6y2 + 7 + . . . ) + . . . ,
hdP63,0±±±±±∓ = (y
4 + 6y2 + 17 + . . . ) + . . . ,
hdP63,0±±±±∓∓ = (y
4 + 6y2 + 17 + . . . ) + . . . ,
hdP63,0±±±∓∓∓ = (y
4 + 5y2 + 6 + . . . ) + . . . , (A.63)
A.3.8 dP7
hdP72,00000000 = (y
5 + 8y3 + 36y + . . . )q2 + (y9 + 9y7 + 53y5 + 237y3 + 636y + . . . )q3 + . . . ,
hdP72,01000000 = (y
2 + 7 + . . . )q + (y6 + 9y4 + 52y2 + 144 + . . . )q2
+(y10 + 9y8 + 55y6 + 261y4 + 897y2 + 1819 + . . . )q3 + . . . ,
hdP72,01100000 = (y
3 + 7y + . . . )q + (y7 + 9y5 + 52y3 + 166y + . . . )q2
+(y11 + 9y9 + 55y7 + 261y5 + 945y3 + 2223y + . . . ) + . . . ,
hdP72,01110000 = 1 + (y
4 + 9y2 + 32 + . . . )q + (y8 + 9y6 + 55y4 + 224y2 + 508 + . . . )q2
+(y12 + 9y10 + 55y8 + 265y6 + 1040y4 + 3057y2 + 5582 + . . . )q3 + . . . ,
hdP72,01111000 = (y + 1/y) + (y
5 + 9y3 + 37y + . . . )q + (y9 + 9y7 + 55y5 + 236y3 + 623y + . . . )q2
+(y13 + 9y11 + 55y9 + 265y7 + 1060y5 + 3322y3 + 7049y + . . . )q3 + . . . ,
hdP72,01111100 = (y
2 + 5 + . . . ) + (y6 + 9y4 + 47y2 + 122 + . . . )q
+(y10 + 9y8 + 55y6 + 253y4 + 838y2 + 1654 + . . . )q2
+(y14 + 9y12 + 55y10 + 265y8 + 1084y6 + 3694y4 + 9666y2 + 16306 + . . . )q3 + . . . ,
hdP72,01111110 = (y
3 + 6y + . . . ) + (y7 + 9y5 + 50y3 + 152y + . . . )q
+(y11 + 9y9 + 55y7 + 258y5 + 915y3 + 2106y + . . . )q2
+(y15 + 9y13 + 55y11 + 265y9 + 1091y7 + 3825y5 + 10739y3 + 21017y + . . . ) + . . . ,
hdP72,01111111 = (y
4 + 7y2 + 22 + . . . ) + q(y8 + 9y6 + 52y4 + 199y2 + 430 + . . . )q
+(y12 + 9y10 + 55y8 + 261y6 + 1001y4 + 2855y2 + 5111 + . . . )q2
+(y16 + 9y14 + 55y12 + 265y10 + 1095y8 + 3950y6 + 12081y4 + 28850y2
+45784 + . . . )q3 + . . . , (A.64)
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hdP73,00000000 = (y
10 + 8y8 + 44y6 + 184y4 + 443y2 + 548 + . . . )q3 + . . . ,
hdP73,0±000000 = (y
6 + 8y4 + 43y2 + 100 + . . . )q2 + . . . ,
hdP73,0±±000000 = (y
2 + 6 + . . . )q + (y8 + 9y6 + 52y4 + 185y2 + 378 + . . . )q2 + . . . ,
hdP73,0±∓000000 = (y
8 + 8y6 + 43y4 + 122y2 + 150 + . . . )q2 + . . . ,
hdP73,0±±±00000 = (y
4 + 6y2 + 7 + . . . )q + (y10 + 9y8 + 52y6 + 201y4 + 497y2 + 604 + . . . )q2 + . . . ,
hdP73,0±±∓00000 = (y
4 + 8y2 + 24 + . . . )q + (y10 + 9y8 + 54y6 + 224y4 + 661y2 + 1175 + . . . )q2 + . . . ,
hdP73,0±±±±000 = 1 + (y
6 + 9y4 + 40y2 + 94 + . . . )q + . . . ,
hdP73,0±±±∓000 = 1 + (y
6 + 9y4 + 40y2 + 94 + . . . )q + . . . ,
hdP73,0±±∓∓000 = (y
8 + 9y6 + 53y4 + 159y2 + 195 + . . . )q + . . . ,
hdP73,0±±±±±00 = (y
2 + 5 + . . . )q + (y8 + 9y6 + 48y4 + 163y2 + 324 + . . . )q2 + . . . ,
hdP73,0±±±±∓00 = (y
2 + 1 + . . . )q + (y8 + 9y6 + 44y4 + 125y2 + 152 + . . . )q2 + . . . ,
hdP73,0±±±∓∓00 = (y
2 + 4 + . . . )q + (y8 + 9y6 + 47y4 + 158y2 + 309 + . . . )q2 + . . . ,
hdP73,0±±±±±±0 = (y
4 + 6y2 + 7 + . . . ) + (y10 + 9y8 + 51y6 + 191y4 + 465y2 + 564 + . . . ) + . . . ,
hdP73,0±±±±±∓0 = (y
4 + 6y2 + 17 + . . . ) + (y10 + 9y8 + 51y6 + 201y4 + 565y2 + 984 + . . . ) + . . . ,
hdP73,0±±±±∓∓0 = (y
4 + 6y2 + 17 + . . . ) + (y10 + 9y8 + 51y6 + 201y4 + 566y2 + 987 + . . . ) + . . . ,
hdP73,0±±±∓∓∓0 = (y
4 + 5y2 + 6 + . . . ) + (y10 + 9y8 + 50y6 + 186y4 + 447y2 + 543 + . . . ) + . . . ,
hdP73,0±±±±±±± = (y
6 + 7y4 + 29y2 + 64 + . . . )
+(y12 + 9y10 + 53y8 + 229y6 + 756y4 + 1870y2 + 2998 + . . . )q + . . . ,
hdP73,0±±±±±±∓ = (y
6 + 7y4 + 29y2 + 64 + . . . )
+(y12 + 9y10 + 53y8 + 229y6 + 756y4 + 1876y2 + 3008+)q + . . . ,
hdP73,0±±±±±∓∓ = (y
6 + 7y4 + 24y2 + 29 + . . . )
+(y12 + 9y10 + 53y8 + 224y6 + 701y4 + 1505y2 + 1818 + . . . )q + . . . ,
hdP73,0±±±±∓∓∓ = (y
6 + 7y4 + 28y2 + 61 + . . . )
+(y12 + 9y10 + 53y8 + 228y6 + 750y4 + 1850y2 + 2960+)q
+ . . . . (A.65)
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A.3.9 dP8
hdP82,000000000 = (y
5 + 9y3 + 45y + . . . )q2 + (y9 + 10y7 + 64y5 + 310y3 + 882y + . . . )q3 + . . . ,
hdP82,010000000 = (y
2 + 8 + . . . )q + (y6 + 10y4 + 63y2 + 184 + . . . )q2
+(y10 + 10y8 + 66y6 + 337y4 + 1223y2 + 2581 + . . . )q3 + . . . ,
hdP82,011000000 = (y
3 + 8y + . . . )q + (y7 + 10y5 + 63y3 + 213y + . . . )q2
+(y11 + 10y9 + 66y7 + 337y5 + 1294y3 + 3175y + . . . )q3 + . . . ,
hdP82,011100000 = 1 + (y
4 + 10y2 + 37 + . . . )q + (y8 + 10y6 + 66y4 + 283y2 + 665 + . . . )q2
+(y12 + 10y10 + 66y8 + 341y6 + 1415y4 + 4330y2 + 8164 + . . . )q3 + . . . ,
hdP82,011110000 = (y + 1/y) + (y
5 + 10y3 + 43y + . . . )q
+(y9 + 10y7 + 66y5 + 300y3 + 822y + . . . )q2
+(y13 + 10y11 + 66y9 + 341y7 + 1447y5 + 4745y3 + 10404y + . . . )q3 + . . . ,
(A.66)
hdP82,011111000 = (y
2 + 5 + . . . ) + (y6 + 10y4 + 54y2 + 144 + . . . )q
+(y10 + 10y8 + 66y6 + 321y4 + 1098y2 + 2231 + . . . )q2
+(y14 + 10y12 + 66y10 + 341y8 + 1479y6 + 5269y4 + 14221y2
+24669 + . . . )q3 + . . . ,
hdP82,011111100 = (y
3 + 6y + . . . ) + (y7 + 10y5 + 58y3 + 181y + . . . )q
+(y11 + 10y9 + 66y7 + 329y5 + 1213y3 + 2871y + . . . )q2
+(y15 + 10y13 + 66y11 + 341y9 + 1491y7 + 5493y5 + 15985y3
+32149y + . . . )q3 + . . . ,
hdP82,011111110 = (y
4 + 7y2 + 22 + . . . ) + (y8 + 10y6 + 61y4 + 236y2 + 523 + . . . )q
+(y12 + 10y10 + 66y8 + 334y6 + 1332y4 + 3886y2 + 7137 + . . . )q2
+(y16 + 10y14 + 66y12 + 341y10 + 1498y8 + 5684y6 + 18025y4
+44146y2 + 71854 + . . . )q3 + . . . ,
hdP82,011111111 = (y
5 + 8y3 + 29y + . . . ) + (y9 + 10y7 + 63y5 + 267y3 + 687y + . . . )q
+(y13 + 10y11 + 66y9 + 337y7 + 1396y5 + 4420y3 + 9412y + . . . )q2
+(y17 + 10y15 + 66y13 + 341y11 + 1502y9 + 5781y7 + 19084y5
+50531y3 + 94968y + . . . )q3 + . . . , (A.67)
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hdP83,000000000 = (y
10 + 9y8 + 54y6 + 246y4 + 626y2 + 774 + . . . )q3 + . . . ,
hdP83,0±00000000 = (y
6 + 9y4 + 53y2 + 130 + . . . )q2 + . . . ,
hdP83,0±±0000000 = (y
2 + 7 + . . . )q + (y8 + 10y6 + 63y4 + 235y2 + 498 + . . . )q2 + . . . ,
hdP83,0±∓0000000 = (y
8 + 8y6 + 43y4 + 122y2 + 150 + . . . )q2 + . . . ,
hdP83,0±±±000000 = (y
4 + 7y2 + 8 + . . . )q + (y10 + 10y8 + 63y6 + 257y4 + 660y2 + 802 + . . . )q2 + . . . ,
hdP83,0±±∓000000 = (y
4 + 9y2 + 28 + . . . )q + (y10 + 10y8 + 65y6 + 283y4 + 864y2 + 1576 + . . . )q2 + . . . ,
hdP83,0±±±±0000 = 1 + (y
6 + 10y4 + 46y2 + 110 + . . . )q + . . . ,
hdP83,0±±±∓0000 = 1 + (y
6 + 10y4 + 46y2 + 111 + . . . )q + . . . ,
hdP83,0±±∓∓0000 = (y
6 + 9y4 + 34y2 + 41 + . . . )q + . . . ,
hdP83,0±±±±±000 = (y
2 + 5 + . . . )q + (y8 + 10y6 + 55y4 + 192y2 + 388 + . . . )q2 + . . . ,
hdP83,0±±±±∓000 = (y
2 + 1 + . . . )q + (y8 + 10y6 + 55y4 + 192y2 + 388 + . . . )q2 + . . . ,
hdP83,0±±±∓∓000 = (y
2 + 4 + . . . )q + (y8 + 10y6 + 54y4 + 186y2 + 370 + . . . )q2 + . . . ,
hdP83,0±±±±±±00 = (y
4 + 6y2 + 7 + . . . ) + (y10 + 10y8 + 59y6 + 228y4 + 565y2 + 686 + . . . )q + . . . ,
hdP83,0±±±±±∓00 = (y
4 + 6y2 + 17 + . . . ) + (y10 + 10y8 + 59y6 + 238y4 + 680y2 + 1201 + . . . )q
+ . . . ,
hdP83,0±±±±∓∓00 = (y
4 + 6y2 + 17 + . . . ) + (y10 + 10y8 + 59y6 + 238y4 + 681y2 + 1204 + . . . )q
+ . . . ,
hdP83,0±±±∓∓∓00 = (y
4 + 5y2 + 6 + . . . ) + (y10 + 10y8 + 58y6 + 222y4 + 543y2 + 660 + . . . )q
+ . . . ,
hdP83,0±±±±±±±0 = (y
6 + 7y4 + 29y2 + 64 + . . . )
+(y12 + 10y10 + 62y8 + 275y6 + 922y4 + 2311y2 + 3747 + . . . )q + . . . ,
hdP83,0±±±±±±∓0 = (y
6 + 7y4 + 29y2 + 64 + . . . )
+(y12 + 10y10 + 62y8 + 275y6 + 922y4 + 2317y2 + 3757 + . . . ) + . . . ,
hdP83,0±±±±±∓∓0 = (y
6 + 7y4 + 24y2 + 29 + . . . )
+(y12 + 10y10 + 62y8 + 270y6 + 861y4 + 1874y2 + 2265 + . . . ) + . . . ,
hdP83,0±±±±∓∓∓0 = (y
6 + 7y4 + 28y2 + 61 + . . . )
+(y12 + 10y10 + 62y8 + 274y6 + 915y4 + 2284y2 + 3697 + . . . ) + . . . ,
hdP83,0±±±±±±±± = (y
8 + 8y6 + 37y4 + 121y2 + 227 + . . . )
+(y14 + 10y12 + 64y10 + 301y8 + 1113y6 + 3268y4 + 7446y2 + 11298 + . . . )q
+ . . . ,
hdP83,0±±±±±±±∓ = (y
8 + 8y6 + 37y4 + 100y2 + 122 + . . . )
+(y14 + 10y12 + 64y10 + 301y8 + 1092y6 + 3058y4 + 6109y2 + 7329 + . . . )q
+ . . . ,
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hdP83,0±±±±±±∓∓ = (y
8 + 8y6 + 37y4 + 115y2 + 217 + . . . )
+(y14 + 10y12 + 64y10 + 301y8 + 1107y6 + 3234y4 + 7302y2 + 11076 + . . . )q
+ . . . ,
hdP83,0±±±±±∓∓∓ = (y
8 + 8y6 + 37y4 + 115y2 + 217 + . . . )
+(y14 + 10y12 + 64y10 + 301y8 + 1107y6 + 3235y4 + 7309y2 + 11088 + . . . )q
+ . . . ,
hdP83,0±±±±∓∓∓∓ = (y
8 + 8y6 + 36y4 + 96y2 + 117 + . . . )
+(y14 + 10y12 + 64y10 + 300y8 + 1085y6 + 3024y4 + 6025y2 + 7224 + . . . )q
+ . . . . (A.68)
B. Vanishing of attractor indices for 3-block collections
In this section, we show that the attractor indices Ω⋆(γ) in the attractor chamber
ς⋆1 = −cN2 + bN3 , ς⋆2 = −aN3 + cN1 , ς⋆3 = −bN1 + aN2 , (B.1)
vanish for any positive dimension vector ~N = (N1, . . . , Nα, Nα+1, . . . , Nα+β, Nα+β+1, . . . , Nα+β+γ)
such that (N1,N2,N3) /∈ {(1, 0, 0), (0, 1, 0), (0, 0, 1)}, under the assumptions that such that
all ς⋆i are non-zero, where Ni are the partial sums defined in (5.17). Note that (B.1) is oppo-
site to the canonical chamber (5.16), relevant for VW invariants defined with respect to the
canonical polarization J ∝ c1(S). When any of the Ni’s vanishes, the relevant quiver has no
loop and the vanishing of Ω⋆(γ) is well known. For non-zero values of the Ni’s, we show that
the expected dimension in the attractor chamber is strictly negative and therefore the moduli
space is empty.
We assume that ς1 > 0 , ς3 < 0 in the canonical chamber, such that all fields Φ31 from
the third to the first block vanish. The expected dimension of the quiver moduli space in this
chamber is
dC = 1−
∑
i
N2i + aN2N3 − bN1N3 + cN1N2 . (B.2)
In the attractor chamber, depending on the sign of ς⋆2 = −ς2 one has instead
• Φ12 = 0 if ς⋆2 > 0, with expected dimension
d′
C
= 1−
∑
i
N2i + aN2N3 + bN1N3 − cN1N2, (B.3)
• Φ23 = 0 if ς⋆2 < 0, with expected dimension
d′′
C
= 1−
∑
i
N2i − aN2N3 + bN1N3 + cN1N2. (B.4)
Since
dC − d′C = 2(cN1N2 − bN1N3) = −2N1ς⋆1
dC − d′′C = 2(aN2N3 − bN1N3) = 2N3ς⋆3
d′
C
− d′′
C
= 2(aN2N3 − cN1N2) = −2N2ς⋆2 (B.5)
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it is immediate to see that dC > d
′
C
, d > d′′
C
and that the expected dimension in the attractor
chamber is always d∗
C
= min(d′
C
, d′′
C
) < dC. Let us define the sums
S3 = dC + d
′
C + d
′′
C = 3(1−
∑
i
N2i ) + aN2N3 + bN1N3 + cN1N2
S2 = d
′
C
+ d′′
C
= 2(1−
∑
i
N2i ) + 2bN1N3 (B.6)
such that 3d∗
C
≤ S3 − 3 and 2d∗C ≤ S2 − 1. To demonstrate that d∗C < 0, we shall show that,
depending on the collection of interest, either a) the quadratic form in S3 is negative, or b)
S2 is negative after maximizing with respect to the ranks Ni in the first block, or c) S2 is
negative after maximizing with respect to the ranks Ni in the third block. It turns out that
one and only one of these three strategies applies for each of the three-block collections in
Table 1, except for S = P1 × P1 which was treated in Section 4.1.1.
B.1 Strategy a)
Here we want to show that the quadratic form H = ∂
2(−S3)
∂Ni∂Nj
appearing in S3 has positive
eigenvalues,
H =
↑
α
↓
↑
β
↓
↑
γ
↓

6 · · · 0
...
. . .
...
0 · · · 6
−c −b
−c
6 · · · 0
...
. . .
...
0 · · · 6
−a
−b −a
6 · · · 0
...
. . .
...
0 · · · 6

(B.7)
Denoting by E = (e1, . . . , eα, e˜1, . . . , e˜β, e¯1, . . . , e¯γ)
T the eigenvector with eigenvalue hn , one
has
(1) : 6e1 − c (e˜1 + · · ·+ e˜β)− b (e¯1 + · · ·+ e¯γ) = hne1
...
(α) : 6eα − c (e˜1 + · · ·+ e˜β)− b (e¯1 + · · ·+ e¯γ) = hneα
(1˜) : 6e˜1 − c (e1 + · · ·+ eα)− a (e¯1 + · · ·+ e¯γ) = hne˜1
...
(β˜) : 6e˜β − c (e1 + · · ·+ eα)− a (e¯1 + · · ·+ e¯γ) = hne˜β
(1¯) : 6e¯1 − b (e1 + · · ·+ eα)− a (e˜1 + · · ·+ e˜β) = hne¯1
...
(γ¯) : 6e¯γ − b (e1 + · · ·+ eα)− a (e˜1 + · · ·+ e˜β) = hne¯γ
(B.8)
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By combining two of these equations we find constrains on the eigenvalues,
∀i, j , (i)− (j) : 6(ei − ej) = hn(ei − ej) =⇒ hn = 6 except if ei = ej
∀i, j , (˜i)− (j˜) : 6(e˜i − e˜j) = hn(e˜i − e˜j) =⇒ hn = 6 except if e˜i = e˜j
∀i, j , (¯i)− (j¯) : 6(e¯i − e¯j) = hn(e¯i − e¯j) =⇒ hn = 6 except if e¯i = e¯j
(B.9)
So all eigenvalues must be equal to 6, except three of them corresponding to eigenvectors
with ∀i, ei = e , e˜i = e˜ , e¯i = e¯. In that case, the system reduces to the three-dimensional
eigenvalue problem HredEred = hnEred with
Hred =
 6 −c
√
αβ −b√αγ
−c√αβ 6 −a√βγ
−b√αγ −a√βγ 6
 , Ered =
√α e√β e˜√
γ e¯
 (B.10)
The eigenvalues will be positive when the principal minors of this matrix are. Using the
variables A,B, C defined in (5.10), these conditions become
A,B, C ≤ 36 and 108− 3(A+ B + C)−
√
ABC ≥ 0 (B.11)
and reduce to the single condition
∆a := A+ B + C − 27 ≤ 0 (B.12)
upon using (5.11). When this condition is obeyed, S3 ≤ 3 and therefore d∗C ≤ 0, with equality
only when the dimension vector is a zero eigenvector of H . As can be seen from Table 1, the
condition (B.12) is obeyed, and in fact barely saturated, for 3 of the collections, namely (1),
(6.1) and (8.1). Since ∆a = 0 in these cases, the matrixH has a zero eigenvalue, corresponding
to the eigenvector (e, e˜, e¯) ∝ ( A
a(7A+B+C) ,
B
b(7A+7B+C) ,
C
c(A+B+7C)). Since A = B = C in all
relevant cases, this is proportional to (1/a, 1/b, 1/c), which turns out to be proportional to
(x, y, z). Thus, the dimension vector corresponds to a pure D0-brane, in which case the
expected dimension is dC = 1 and the index is independent of stability parameters.
B.2 Strategy b)
The second strategy is to maximize S2 with respect to the ranks Ni in the first block. Since
S2 is negative definite with respect to these variables, the maximum is attained when N1 =
· · · = Nα = bN32 , which implies that
S2 ≤ 2M , M = 1 + αb
2N 23
4
−
∑
i>α
N2i (B.13)
We want to show that M ≤ 0. For this we introduce a free parameter v and decompose M as
M = Q + vN3(bN3 − cN2) (B.14)
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Since ς⋆1 = bN3 − cN2 < 0, it suffices to find one value v > 0 such that the quadratic form
H = 1
2
∂2(−Q)
∂Ni∂Nj
is positive,
H =
↑
β
↓
↑
γ
↓

1 · · · 0
...
. . .
... f
0 · · · 1
1 + g · · · g
f
...
. . .
...
g · · · 1 + g

(B.15)
where f = −vc
2
and g = b(v − αb
4
). Denoting by E = (e¯1, . . . , e¯β, e˜1, . . . , e˜γ) an eigenvector
with eigenvalues hn, we get
(1) : e¯1 + f (e˜1 + · · ·+ e˜γ) = hn e¯1
...
(β) : e¯β + f (e˜1 + · · ·+ e˜γ) = hn e¯β
(1˜) : f (e¯1 + · · ·+ e¯β) + e˜1 + g (e˜1 + · · ·+ e˜γ) = hn e˜1
...
(γ˜) : f (e¯1 + · · ·+ e¯β) + e˜γ + g (e˜1 + · · ·+ e˜γ) = hn e˜γ
(B.16)
Combining these equations we again find constraints on the eigenvalues,
∀i, j , (i)− (j) : e¯i − e¯j = hn(e¯i − e¯j) =⇒ hn = 1 except if e¯i = e¯j
∀i, j , (˜i)− (j˜) : e˜i − e˜j = hn(e˜i − e˜j) =⇒ hn = 1 except if e˜i = e˜j
(B.17)
so all eigenvalues except two must be equal to 1, while the other two, corresponding to
eigenvectors where ∀i , e¯i = e , e˜i = e˜, satisfy the reduced eigenvalue problem(
1 f
√
βγ
f
√
βγ 1 + γ g
)(
β e˜
γ e¯
)
= hn
(√
β e˜√
γ e¯
)
(B.18)
The two solutions are
h± =
2 + γg ±
√
γ2g2 + 4βγf 2
2
(B.19)
Since h+ ≥ h−, it suffices to require h− ≥ 0. This easily translates into the following condition
on v,
βγc2
4
v2 − γb v + αγb
2
4
− 1 ≤ 0 (B.20)
A necessary condition for the existence of a solution with v > 0 is that the discriminant of
this equation should be positive,
γ2b2 − βγc2(αγb
2
4
− 1) ≥ 0 (B.21)
which amounts to the condition
∆b := BC − 4(B + C) ≤ 0 . (B.22)
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When this condition is obeyed, we may choose v to be the average of the two roots of the
quadratic polynomial (B.21), namely v = 2b/(βc2), and conclude that Q ≤ 0 hence S2 ≤ 2
and dC ≤ 0.The equality is saturared only when ς1 = 0 and the dimension vector is a zero
eigenvector of Q. It turns out that this strategy works for the collections (7.2), (7.3), (8.2),
(8.4), (9.2), in which cases the equality (B.22) is barely saturated and moreover A = BC/4.
In this case, the two roots coincide with v = 2b/(βc2), which is the only suitable value,
and the quadratic form Q becomes degenerate. The null eigenvector corresponds to (e˜) ∝
(γb, βc) and the vanishing of both terms in (B.14) implies that ς⋆1 = ς
⋆
2 = ς
⋆
3 = 0, hence
(N1,N2,N3) ∝ (a, b, c). Since the dimensions Ni must be identical within each block, it
follows that (e, e˜, e¯) ∝ (a/α, b/β, c/γ) ∝ (x, y, z). Thus, the dimension vector corresponds to
a pure D0-brane, in which case the expected dimension is dC = 1 and the index is independent
of stability parameters.
B.3 Strategy c)
The third strategy is to maximize S2 with respect to the ranks Ni in the third block. The
maximum is attained when Nα+β+1 = · · · = Nα+β+γ = bN12 , which implies that
S2 ≤ 2M˜ , M˜ = 1 + γb
2N 21
4
−
∑
i≤α+β
N2i (B.23)
To show that M˜ ≤ 0, we introduce as before a parameter u > 0 and decompose M˜ as
M˜ = Q˜ + uN1(bN1 − aN2) (B.24)
Since ς⋆3 = −bN1 + aN2 > 0, it suffices to find one value u > 0 such that the quadratic form
H = 1
2
∂2(−Q˜)
∂Ni∂Nj
is positive. This is the same equation as before upon switching (u ↔ v , γ ↔
α , a↔ c , 1↔ 3). We conclude that whenever the condition
∆c := AB − 4(A+ B) ≤ 0 , (B.25)
one may choose the parameter u = 2b
βa2
such that M˜ ≤ 0 and therefore S2 ≤ 0. It turns out
that this strategy works for the collections (3), (4), (5), (6.2), (7.1), (8.3), (9.1), in which the
condition (B.25) is barely saturated, and moreover C = AB/4). The quadratic form Q˜ is then
degenerate, with a null eigenvector corresponding to a pure D0-brane, for which the expected
dimension dC is equal to 1 and the index is independent of stability parameters.
C. Toric weak Fano surfaces
In this section, we consider the 11 toric weak Fano surfaces which are not Fano. These
surfaces, sometimes known as pseudo del Pezzo surfaces PdPk, can all be constructed by a
sequence of toric blow-ups from P2 (see Figure 1), although the blown-up points may not be
in generic position. We use the toric system from [78, Table 2] to determine the corresponding
quiver. Compared to the quiver for the del Pezzo surface dPk of the same degree, the quiver
for PdPk often exhibits bidirectional arrows which are not visible from the Euler matrix, and
we rely on earlier studies [122, 80] to identify them. Importantly, these arrows are not lifted
– 111 –
by quadratic terms in the superpotential, which is computable by brane tiling techniques.
Nonetheless, since the blow-up formula is not sensitive to the genericity of the blown-up
points, and since the flow tree formula is blind to the existence of bidirectional arrows, we
expect that the VW invariants for PdPk are identical to those for dPk, up to a change of
polarisation and basis in H2(S,Z).
C.1 PdP2
The surface PdP2 is a two-point blow-up of P
2, or a one-point blow-up of F2. The toric fan
consists of 5 vectors,
vi =
(
1 −1 −1 −1 0
0 1 0 −1 −1
)
(C.1)
The corresponding divisors D1, . . .D5 satisfy the linear relations
D1 = D2 +D3 +D4 , D2 = D4 +D5 (C.2)
and have self-intersection (corresponding to row 5b in [78, Table 1])
ai = D
2
i = (1, 0,−2,−1,−1) . (C.3)
The products c1(S) ·Di = a1 + 2 take the values (3, 2, 0, 1, 1), so the canonical divisor is nef
but not ample. Noting that the vectors v1, v2, v5 generate the toric fan of P
2, we can identify
D1 = H, D2 = H − C1, D3 = C1 − C2, D4 = C2, D5 = H − C1 − C2 (C.4)
where H is the pull-back of the hyperplane class on P2 and Ci are the two exceptional divisors,
such that H2 = 1, Ci · Cj = −δij , H · Ci = 0.
Following [78, Table 2, row 5b] (after a cyclic permutation to the right) let us consider
the exceptional collection (2.38) constructed from the toric system
D˜i = (H − C2, H − C1, C1, H − C1 − C2, C2) (C.5)
The Chern vectors of the objects Ei and dual objects Ei are
γ1 = [1, (0, 0, 0) , 0]
γ2 = [1, (1, 0,−1) , 0]
γ3 = [1, (2,−1,−1) , 1]
γ4 =
[
1, (2, 0,−1) , 3
2
]
γ5 = [1, (3,−1,−2) , 2]
,
γ1 = [1, (0, 0, 0) , 0]
γ2 = [−1, (1, 0,−1) , 0]
γ3 = [−1, (0,−1, 1) , 1]
γ4 =
[
0, (−1, 1, 1) , 1
2
]
γ5 =
[
1, (0, 0,−1) ,−1
2
]
(C.6)
The resulting Euler form
S =

1 2 4 5 6
0 1 2 3 4
0 0 1 1 2
0 0 0 1 1
0 0 0 0 1
 , S∨ =

1 −2 −1 1 2
0 1 −1 −1 0
0 0 1 −1 −1
0 0 0 1 −1
0 0 0 0 1
 , κ =

0 2 0 −1 −1
−2 0 2 1 −1
0 −2 0 1 1
1 −1 −1 0 1
1 1 −1 −1 0
 (C.7)
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turns out to be identical to the one for dP2 model II in (5.42). The quiver agrees with
[122, (3.4)] and model 11 in [80], provided one includes an additional bidirectional arrow
between nodes 1 and 3 consistent with the vanishing entry S∨13 = 0. The latter arises due to a
cancellation between Ext1(E∨3 , E
∨
1 ) and Ext
2(E∨3 , E
∨
1 ). Note that the superpotential, obtained
from the brane tiling in [80, (13.1)], does not contain any quadratic terms which would lift
the bidirectional arrow. This is presumably related to the fact that PdP2 is a non-generic
blow-up of P2.
C.2 PdP3a
The cone over PdP3a is the orbifold C
3/Z6 with orbifold action (1, 2, 3). The toric fan consists
of 6 vectors,
vi =
(
1 0 −1 −1 −1 −1
0 1 2 1 0 −1
)
(C.8)
The corresponding divisors D1, . . .D6 satisfy the linear relations
D1 = D3 +D4 +D5 +D6 , D6 = D2 + 2D3 +D4 (C.9)
and have self-intersection (corresponding to row 6d in [78, Table 1])
ai = D
2
i = (1,−2,−1,−2,−2, 0) (C.10)
The products ai + 2 = c1(S) · Di are (3, 0, 1, 0, 0, 2), so the canonical divisor is nef but not
ample. Noting that the vectors v1, v2, v6 span the toric fan of P
2, we can identify
D1 = H, D2 = H−C1−C2−C3, D3 = C3, D4 = C2−C3, D5 = C1−C2, D6 = H−C1 (C.11)
where H is the pull-back of the hyperplane class on P2 and Ci are the two exceptional divisors.
Following [78, Table 2, row 6d] (identifying P = H − C3, Q = H where P,Q are the
pull-back of the toric divisors C +F,C of F1) let us consider the exceptional collection (2.38)
constructed from the toric system
D˜i = (H − C1 − C3, C1, H − C1 − C2, C2, H − C2 − C3, C3) (C.12)
The Chern vectors of the objects Ei and dual objects Ei are now
γ1 = [1, (0, 0, 0, 0) , 0]
γ2 =
[
1, (1,−1, 0,−1) ,−1
2
]
γ3 = [1, (1, 0, 0,−1) , 0]
γ4 =
[
1, (2,−1,−1,−1) , 1
2
]
γ5 = [1, (2,−1, 0,−1) , 1]
γ6 =
[
1, (3,−1,−1,−2) , 3
2
]
,
γ1 = [1, (0, 0, 0, 0) , 0]
γ2 =
[
0, (1,−1, 0,−1) ,−1
2
]
γ3 =
[−1, (0, 1, 0, 0) , 1
2
]
γ4 = [−1, (0, 0,−1, 1) , 1]
γ5 =
[
0, (−1, 0, 1, 1) , 1
2
]
γ6 =
[
1, (0, 0, 0,−1) ,−1
2
]
(C.13)
with slopes 0, 1, 2, 3, 4, 5 and 0,∞,−1, 0,∞,−1. The resulting Euler form
S =

1 1 2 3 4 5
0 1 1 2 3 4
0 0 1 1 2 3
0 0 0 1 1 2
0 0 0 0 1 1
0 0 0 0 0 1

, S∨ =

1 −1 −1 0 1 1
0 1 −1 −1 0 1
0 0 1 −1 −1 0
0 0 0 1 −1 −1
0 0 0 0 1 −1
0 0 0 0 0 1

, κ =

0 1 1 0 −1 −1
−1 0 1 1 0 −1
−1 −1 0 1 1 0
0 −1 −1 0 1 1
1 0 −1 −1 0 1
1 1 0 −1 −1 0

(C.14)
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turns out to be identical to the one (5.58) for dP3 model I. This quiver agrees with the one
for the weighted projective space P(1, 2, 3) in [81, §4.2], or with model 7 in [80], provided one
includes three additional bidirectional arrows consistent with the vanishing of S∨14, S
∨
25, S
∨
36.
Again, the superpotential in [80, (9.1)], does not contain any quadratic terms which would
lift the bidirectional arrows.
C.3 PdP3b
The toric fan consists of 6 vectors,
vi =
(
1 0 −1 −1 −1 0
0 1 1 0 −1 −1
)
(C.15)
The corresponding divisors D1, . . .D6 satisfy the linear relations
D1 = D3 +D4 +D5 , D2 +D3 = D5 +D6 (C.16)
and have self-intersection (corresponding to row 6b in [78, Table 1])
D2i = (0,−1,−1,−2,−1,−1) (C.17)
The products c1(S) · Di are (2, 1, 1, 0, 1, 1), so the canonical divisor is nef but not ample.
Noting that the vectors v1, v3, v6 span the toric diagram of P2, we may identify
D1 = H−C1, D2 = C1, D3 = H−C1−C2 D4 = C2−C3, D5 = C3, D6 = H−C2−C3 (C.18)
where H is the pull-back of the hyperplane class on P2 and Ci are the two exceptional divisors.
According to [78, Table 2, row 6b] a toric system is given by
D˜i = (H − C1 − C3, C1, H − C1 − C2, C2, H − C2 − C3, C3) (C.19)
This coincides with (C.12), so the quiver is again identical to model I of dP3 (5.58), possibly up
to bidirectional arrows. Comparing with model in model 9a in [80], with [122, §3.3.1], phase
III (see also [123, §8], model B), we see that the relevant quiver has one additional bidirectional
arrow corresponding to the one of the vanishing entries S∨14, S
∨
25, S
∨
36 in the adjacency matrix
(5.58).
C.4 PdP3c
This is also known as a Z2 orbifold of the suspended pinched point singularity. The toric fan
consists of 6 vectors,
vi =
(
1 0 −1 −1 −1 0
0 1 2 1 0 −1
)
(C.20)
The corresponding divisors D1, . . .D6 satisfy the linear relations
D1 = D3 +D4 +D5 , D2 + 2D3 +D4 = D6 (C.21)
and have self-intersection (corresponding to row 6c in [78, Table 1])
D2i = (0,−2,−1,−2,−1, 0) (C.22)
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The products c1(S) · Di are (2, 0, 1, 0, 1, 2), so the canonical divisor is nef but not ample.
Noting that the vectors v1, v4, v6 span the toric fan of P
2, we may identify
D1 = H − C2, D2 = C2 − C3, D3 = C3, D4 = H − C1 − C2 − C3, D5 = C1, D6 = H − C1 .
(C.23)
According to [78, Table 2, row 6c] a toric system is again given by (C.12), so the quiver is
again identical to model I of dP3, up to bidirectional arrows. Comparing with [122, §3.3.2]
phase I and model 8a in [80] (taking into account the fact that the bidirectional arrows from
between 1, 2 and 3, 4 should actually be oriented arrows 2 → 1, 3 → 4), we see that the
relevant quiver has one additional bidirectional arrow corresponding to one of the vanishing
entries S∨14, S
∨
25, S
∨
36 in the adjacency matrix (5.58).
C.5 PdP4a
The toric fan consists of 7 vectors,
vi =
(
1 0 −1 −1 −1 0 1
0 1 2 1 0 −1 −1
)
(C.24)
The corresponding divisors D1, . . .D7 satisfy the linear relations
D1 +D7 = D3 +D4 +D5 , D2 + 2D3 +D4 = D6 +D7 (C.25)
and have self-intersection (corresponding to row 7a in [78, Table 1])
D2i = (−1,−2,−1,−2,−1,−1,−1) (C.26)
The products c1(S) · Di are (1, 0, 1, 0, 1, 1, 1), so the canonical divisor is nef but not ample.
Noting that the vectors v3, v6, v7 span the toric fan of P2, we may identify
D1 = C4, D2 = C1 − C4, D3 = H − C1 − C2, D4 = C2 − C3,
D5 = C3, D6 = H − C2 − C3, D7 = H − C1 − C4 .
(C.27)
According to [78, Table 2, row 7a] a toric system is given by
D˜i = (H − C1 − C2, C2, C1 − C2, H − C1 − C3 − C4, C4, C3 − C4, H − C3) (C.28)
The Chern vectors for the projective and simple objects are then
γ1 = [1, (0, 0, 0, 0, 0) , 0]
γ2 =
[
1, (1,−1,−1, 0, 0) ,−1
2
]
γ3 = [1, (1,−1, 0, 0, 0) , 0]
γ4 = [1, (1, 0,−1, 0, 0) , 0]
γ5 = [1, (2,−1,−1,−1,−1) , 0]
γ6 =
[
1, (2,−1,−1,−1, 0) , 1
2
]
γ7 =
[
1, (2,−1,−1, 0,−1) , 1
2
]
,
γ1 = [1, (0, 0, 0, 0, 0) , 0]
γ2 =
[
0, (1,−1,−1, 0, 0) ,−1
2
]
γ3 =
[−1, (0, 0, 1, 0, 0) , 1
2
]
γ4 =
[−1, (0, 1, 0, 0, 0) , 1
2
]
γ5 =
[−1, (1, 0, 0,−1,−1) , 1
2
]
γ6 = [1, (−1, 0, 0, 0, 1) , 0]
γ7 = [1, (−1, 0, 0, 1, 0) , 0]
(C.29)
The Euler matrix has a 4-block structure,
S =

1 1 2 3
0 1 1 2
0 0 13 1
0 0 0 12
 , S∨ =

1 −1 −1 2
0 1 −1 1
0 0 13 −1
0 0 0 12
 , κ =

0 1 1 −2
−1 0 1 −1
−1 −1 03 1
2 1 −1 02
 (C.30)
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corresponding to the same quiver as model 6, phase c in [80], where the superpotential can
be found. There are no bidirectional arrows in this case.
C.6 PdP4b
The toric fan consists of 7 vectors,
vi =
(
1 0 −1 −1 −1 −1 0
0 1 2 1 0 −1 −1
)
(C.31)
The corresponding divisors D1, . . .D7 satisfy the linear relations
D1 = D3 +D4 +D5 +D6 , D2 + 2D3 +D4 = D6 +D7 (C.32)
and have self-intersection (corresponding to row 7b in [78, Table 1])
D2i = (0,−2,−1,−2,−2,−1,−1) (C.33)
The products c1(S) · Di are (2, 0, 1, 0, 0, 1, 1), so the canonical divisor is nef but not ample.
Noting that the vectors v1, v4, v7 span the toric fan of P
2, one may identify
D1 = H − C3, D2 = C3 − C4, D3 = C4, D4 = H − C1 − C3 − C4,
D5 = C1 − C2, D6 = C2, D7 = H − C1 − C2 .
(C.34)
According to [78, Table 2, row 7b] a toric system is given by
D˜i = (H − C1 − C3, C3, C1 − C3, H − C1 − C2 − C4, C4, C2 − C4, H − C2) (C.35)
This is identical to up to an exchange of C2 and C3, so we get the same quiver, possibly up to
bidirectional arrows. In contrast, the quiver for model 5 in [80] clusters into 4 blocks of size
2,2,2,1 (corresponding to the nodes labelled (2, 5), (3, 6), (4, 7), 1) upon ignoring bi-directional
arrows, and it is not clear how the two quivers are related.
C.7 PdP5a
The cone over PdP5a is a Z2 × Z2 orbifold of the conifold, and can be viewed as a 5-point
blow-up of P2 in non-generic position, or as a 4-point blow-up of P1 × P1. The toric fan
consists of 8 vectors,
vi =
(
1 1 0 −1 −1 −1 0 1
0 1 1 1 0 −1 −1 −1
)
(C.36)
The corresponding divisors D1, . . .D8 satisfy the linear relations
D1 +D2 +D8 = D4 +D5 +D6, D2 +D3 +D4 = D6 +D7 +D8 (C.37)
and have self-intersection (corresponding to row 8a in [78, Table 1])
D2i = (−2,−1,−2,−1,−2,−1,−2,−1) (C.38)
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The products c1(S) ·Di are (0, 1, 0, 1, 0, 1, 0, 1), so the canonical divisor is nef but not ample.
Since v1, v3, v5, v7 span the toric diagram of P
1 × P1, we may identify
D1 = F − C1 − C4, D2 = C4, D3 = C − C3 − C4, D4 = C3
D5 = F − C2 − C3, D6 = C2, D7 = C − C1 − C2, D8 = C1
(C.39)
where F,C are the pull-back of the generators of P1 × P1, with F 2 = C2 = 0, F · C = 1 and
C1, . . . C4 are the exceptional divisors.
According to [78, Table 2, row 8a] a toric system is given by
D˜i = (F − C1 − C4, C1, C − C1 − C2, C2, F − R2 − R3, R3, Q− R3 −R4, R4) (C.40)
The Chern vectors are
γ1 = [1, (0, 0, 0, 0, 0, 0) , 0]
γ2 = [1, (0, 1,−1, 0, 0,−1) ,−1]
γ3 =
[
1, (0, 1, 0, 0, 0,−1) ,−1
2
]
γ4 =
[
1, (1, 1,−1,−1, 0,−1) ,−1
2
]
γ5 = [1, (1, 1,−1, 0, 0,−1) , 0]
γ6 = [1, (1, 2,−1,−1,−1,−1) , 0]
γ7 =
[
1, (1, 2,−1,−1, 0,−1) , 1
2
]
γ8 =
[
1, (2, 2,−1,−1,−1,−2) , 1
2
]
,
γ1 = [1, (0, 0, 0, 0, 0, 0) , 0]
γ2 = [1, (0, 1,−1, 0, 0,−1) ,−1]
γ3 =
[−1, (0, 0, 1, 0, 0, 0) , 1
2
]
γ4 =
[−1, (1, 0, 0,−1, 0, 0) , 1
2
]
γ5 = [−1, (0,−1, 0, 1, 0, 1) , 1]
γ6 = [−1, (0, 0, 0, 0,−1, 1) , 1]
γ7 =
[
1, (−1, 0, 0, 0, 1, 0) ,−1
2
]
γ8 =
[
1, (0, 0, 0, 0, 0,−1) ,−1
2
]
(C.41)
The Euler matrix has a four-block structure,
S =

12 1 2 3
0 12 1 2
0 0 12 1
0 0 0 12
 , S∨ =

12 −1 0 1
0 12 −1 0
0 0 12 −1
0 0 0 12
 , κ =

02 1 0 −1
−1 02 1 0
0 −1 02 1
1 0 −1 02
 (C.42)
This agrees with the quiver for model 4a in [80], which has no bidirectional arrows.
C.8 PdP5b
The cone over PdP5b is the orbifold L131/Z2 with orbifold action (0, 1, 1, 1) . The toric fan
consists of 8 vectors,
vi =
(
1 0 −1 −1 −1 −1 0 1
0 1 2 1 0 −1 −1 −1
)
(C.43)
The corresponding divisors D1, . . .D8 satisfy the linear relations
D1 +D8 = D3 +D4 +D5 +D6 +D7 , D2 + 2D3 +D4 = D6 +D7 +D8 (C.44)
and have self-intersection (corresponding to row 8b in [78, Table 1])
D2i = (−1,−2,−1,−2,−2,−1,−2,−1) (C.45)
The products c1(S) ·Di are (1, 0, 1, 0, 0, 1, 0, 1), so the canonical divisor is nef but not ample.
Since v1, v4, v7 span the toric diagram of P
2, we may identify
D1 = H − C2 − C3 − C4, D2 = C3, D3 = C2 − C3, D4 = H − C1 − C2
D5 = C1 − C5, D6 = C5, D7 = H − C1 − C4 − C5, D8 = C4
(C.46)
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According to [78, Table 2, row 8b] a toric system is given by
D˜i = (H−C1−C2−C4, C4, C2−C4, C1−C2, H−C1−C3, C3−C5, C5, H−C3−C5) (C.47)
The Chern vectors are
γ1 = [1, (0, 0, 0, 0, 0, 0) , 0]
γ2 = [1, (1,−1,−1, 0,−1, 0) ,−1]
γ3 =
[
1, (1,−1,−1, 0, 0, 0) ,−1
2
]
γ4 =
[
1, (1,−1, 0, 0,−1, 0) ,−1
2
]
γ5 =
[
1, (1, 0,−1, 0,−1, 0) ,−1
2
]
γ6 = [1, (2,−1,−1,−1,−1, 0) , 0]
γ7 = [1, (2,−1,−1, 0,−1,−1) , 0]
γ8 =
[
1, (2,−1,−1, 0,−1, 0) , 1
2
]
,
γ1 = [1, (0, 0, 0, 0, 0, 0) , 0]
γ2 = [1, (1,−1,−1, 0,−1, 0) ,−1]
γ3 =
[−1, (0, 0, 0, 0, 1, 0) , 1
2
]
γ4 =
[−1, (0, 0, 1, 0, 0, 0) , 1
2
]
γ5 =
[−1, (0, 1, 0, 0, 0, 0) , 1
2
]
γ6 =
[
0, (0, 0, 0,−1, 0, 0) , 1
2
]
γ7 =
[
0, (0, 0, 0, 0, 0,−1) , 1
2
]
γ8 =
[
1, (−1, 0, 0, 1, 0, 1) ,−1
2
]
(C.48)
The Euler matrix has a four-block structure,
S =

12 1 2 3
0 13 1 2
0 0 12 1
0 0 0 1
 , S∨ =

12 −1 1 1
0 13 −1 0
0 0 12 −1
0 0 0 1
 , κ =

02 1 −1 −1
−1 03 1 0
1 −1 02 1
1 0 −1 01
 (C.49)
This agrees with the quiver for model 3 in [80], which reduces to a 4-block collection upon
ignoring the three bidirectional arrows (with the nodes labelled 2,5,8 in [80] joining into a
single block of size 3).
C.9 PdP5c
The cone over PdP5c is the orbifold C
3/Z4 × Z2 with orbifold action (1, 0, 3)× (0, 1, 1), and
can be viewed as a 5-point blow-up of P2 in non-generic position, or as a 4-point blow-up of
P1 × P1. The toric fan consists of 8 vectors,
vi =
(
1 0 −1 −1 −1 −1 −1 0
−1 1 3 2 1 0 −1 −1
)
(C.50)
The corresponding divisors D1, . . .D8 satisfy the linear relations
D1 = D3 +D4 +D5 +D6 +D7 , D2 + 3D3 + 2D4 +D5 = D1 +D7 +D8 (C.51)
and have self-intersection (corresponding to row 8c in [78, Table 1])
D2i = (0,−2,−1,−2,−2,−2,−1,−2) (C.52)
The products c1(S) ·Di are (2, 0, 1, 0, 0, 0, 1, 0), so the canonical divisor is nef but not ample.
Since v1, v2, v5, v8 span the toric diagram of P
1 × P1, we may identify
D1 = C, D2 = F − C3 − C4, D3 = C4, D4 = C3 − C4
D5 = C − C1 − C2 − C3, D6 = C2, D7 = C1 − C2, D8 = F − C1
(C.53)
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where F,C are the pull-back of the generators of P1 × P1, with F 2 = C2 = 0, F · C = 1 and
C1, . . . C4 are the exceptional divisors.
According to [78, Table 2, row 8c] a toric system is given by
D˜i = (F −C1 −C4, C4, C1−C4, C + F −C1 −C3, C3 −C2, C2, F −R2 −R3, C − F ) (C.54)
The Chern vectors are
γ1 = [1, (0, 0, 0, 0, 0, 0) , 0]
γ2 = [1, (0, 1,−1, 0, 0,−1) ,−1]
γ3 =
[
1, (0, 1,−1, 0, 0, 0) ,−1
2
]
γ4 =
[
1, (0, 1, 0, 0, 0,−1) ,−1
2
]
γ5 =
[
1, (1, 2,−1, 0,−1,−1) , 1
2
]
γ6 =
[
1, (1, 2,−1,−1, 0,−1) , 1
2
]
γ7 = [1, (1, 2,−1, 0, 0,−1) , 1]
γ8 = [1, (1, 3,−1,−1,−1,−1) , 1]
,
γ1 = [1, (0, 0, 0, 0, 0, 0) , 0]
γ2 = [1, (0, 1,−1, 0, 0,−1) ,−1]
γ3 =
[−1, (0, 0, 0, 0, 0, 1) , 1
2
]
γ4 =
[−1, (0, 0, 1, 0, 0, 0) , 1
2
]
γ5 =
[−1, (1,−1, 0, 0,−1, 0) , 3
2
]
γ6 =
[−1, (1,−1, 0,−1, 0, 0) , 3
2
]
γ7 = [1, (−1, 0, 0, 1, 1, 0) ,−1]
γ8 = [1, (−1, 1, 0, 0, 0, 0) ,−1]
(C.55)
leading to the 4-block form
S =

12 1 3 4
0 12 2 3
0 0 12 1
0 0 0 12
 , S∨ =

12 −1 1 0
0 12 −2 1
0 0 12 −1
0 0 0 12
 , κ =

02 1 −1 0
1 02 2 −1
−1 −2 02 1
0 1 −1 02
 (C.56)
This agrees with the quiver for model 2 in [80], which clusters into 4 blocks of size 2 (the
nodes labelled (1,6), (2,5), (3,8), (4,7) [80]) upon ignoring bidirectional arrows.
C.10 PdP6
The cone over PdP6 is the orbifold C
3/Z3 ×Z3 with orbifold action (1, 0, 2)× (0, 1, 2) . The
toric fan consists of 9 vectors,
vi =
(
2 1 0 −1 −1 −1 −1 0 1
−1 0 1 2 1 0 −1 −1 −1
)
(C.57)
The corresponding divisors D1, . . .D9 satisfy the linear relations
2D1 +D2 +D9 = D4 +D5 +D6 +D7 , D3 + 2D4 +D5 = D1 +D7 +D8 +D9 (C.58)
and have self-intersection (corresponding to row 9 in [78, Table 1])
D2i = (−1,−2,−2,−1,−2,−2,−1,−2,−2) (C.59)
The products c1(S) ·Di are (1, 0, 0, 1, 0, 0, 1, 0, 0), so the canonical divisor is nef but not ample.
Since v3, v6, v9 span the toric diagram of P
2, we may identify
D1 = C6, D2 = C5 − C6, D3 = H − C3 − C4 − C5, D4 = C4
D5 = C3 − C4, D6 = H − C2 − C3, D7 = C2, D8 = C1 − C2
(C.60)
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According to [78, Table 2, row 9] a toric system is given (after a cyclic rotation to the right)
by
D˜i = (C5−C2, H−C1−C4−C5, C4, C1−C4, H−C1−C3−C6, C3−C6, H−C2−C3−C5, C2)
(C.61)
The Chern vectors for the primitive and simple objects are given by
γ1 = [1, (0, 0, 0, 0, 0, 0, 0) , 0]
γ2 = [1, (0, 0,−1, 0, 0, 1, 0) ,−1]
γ3 = [1, (1,−1,−1, 0,−1, 0, 0) ,−1]
γ4 =
[
1, (1,−1,−1, 0, 0, 0, 0) ,−1
2
]
γ5 =
[
1, (1, 0,−1, 0,−1, 0, 0) ,−1
2
]
γ6 =
[
1, (2,−1,−1,−1,−1, 0,−1) ,−1
2
]
γ7 = [1, (2,−1,−1,−1,−1, 0, 0) , 0]
γ8 = [1, (2,−1,−1, 0,−1, 0,−1) , 0]
γ9 = [1, (3,−1,−2,−1,−1,−1,−1) , 0]
,
γ1 = [1, (0, 0, 0, 0, 0, 0, 0) , 0]
γ2 = [1, (0, 0,−1, 0, 0, 1, 0) ,−1]
γ3 = [1, (1,−1,−1, 0,−1, 0, 0) ,−1]
γ4 =
[−2, (0, 0, 1, 0, 1,−1, 0) , 3
2
]
γ5 =
[−2, (0, 1, 1, 0, 0,−1, 0) , 3
2
]
γ6 =
[−2, (1, 0, 1,−1, 0,−1,−1) , 3
2
]
γ7 =
[
1, (−1, 0, 0, 0, 0, 1, 1) ,−1
2
]
γ8 =
[
1, (−1, 0, 0, 1, 0, 1, 0) ,−1
2
]
γ9 =
[
1, (0, 0,−1, 0, 0, 0, 0) ,−1
2
]
(C.62)
leading to the 3-block form identical to the one for dP6 in (C.63),
S =
 13 1 20 13 1
0 0 13
 , S∨ =
 13 −1 10 13 −1
0 0 13
 , κ =
 03 1 −1−1 03 1
1 −1 03
 (C.63)
This coincides with the quiver for model 1 in [80], which has no bidirectional arrows.
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